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Part |: Motivation



Stochastic Convex Optimization

Problem:
f* = min f(x
x€EQ ( )7
where f: R” — R is a convex function, @ C R" is a simple convex set.

Stochastic gradient oracle: Random vector g(x,£) € R” (£ is a r.v.)
such that

E¢lg(x,§)] = VI(x).
Main example: f(x) = E¢[f(x,&)]. Then, g(x,&) = Vif(x,§).

Eg: f(x) = 23 fi(x) = g(x,&) = VA(x), £ ~ Unif({L,..., m}).
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Stochastic Gradient Method (SGD)

Problem: f* = min,¢q f(x).
Stochastic Gradient Method (SGD):

X1 = TQ(Xk — hkgk), &k ~ B(xk),
where To(x) = argmin cql|x — y| is the Euclidean projection onto Q.

Main questions:
@ How to choose step sizes hy?

@ What is the rate of convergence?

Anton Rodomanov Universal Stochastic Gradient Methods 3/23



Convergence Guarantees for SGD

Assume that:
o @ is bounded: |[x —y[| < D, V¥x,y € Q.
e Variance of g is bounded: E¢[||g(x,&) — VF(x)|?] < 0?2, Vx € Q.

Nonsmooth optimization: |Vf(x)|| < M, ¥Vx € Q.

B D N (M+o0)D
M= VT k) Il < O( Vk
where X, = k k 01 Xj.

Smooth optimization: |[Vf(x) — Vf(y)| < L|x —y]|. Vx,y € Q.

1 D LD? oD
h mln{ 7} =  E[f(x —f*<O< + —.
k= TR [f (%) N

).
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Discussion

@ What we saw previously is the standard approach in Optimization:

@ Fix a certain Problem class P.
@ Develop a “good” method tailored to P.

@ However:

» A specific problem may belong to multiple problem classes.
» Different problems may belong to different problem classes.

o ldeally, we would like to have universal algorithms suitable for
multiple problem classes at the same time.

Anton Rodomanov Universal Stochastic Gradient Methods 5/23



Universal Gradient Methods [Nesterov 2015]

Problem: min,cq f(x)

Hoélder constants: L, .=  sup W, v € [0,1].
x,y€Qixzty
Note:
o v =1 ||VFf(x) = VF(y)|l < Li|lx — y|| (Lipschitz gradient).

o v=0: ||VFf(x) — VF(y)|l < Lo (contains Lipschitz functions).
This class is better than ||[Vf(x)| < M.

e If L,,L,, < +oo for some v; < 1y, then L, < 00,V € [v1,15].

Main assumption: There exists v € [0, 1] such that L, < +o0.
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Universal Gradient Methods — Il

Method: xy 1 = mo(xk — Lika(xk)), where Ly is found by line search to
satisfy the following condition:

L €
F(xer1) < F0) + (V00 1 = X + 5 s = xill® + 5.

L\ 2/(1+v) _
Efficiency bound: O( inf <—) D2> iters to f(x;) — f* < e
vel0,1]\ €

L, D1tV 2/(1+3v)
Universal Fast Gradient Method: O( inf ( > )
ve(0,1] €

Great methods but don’t work with stochastic oracle!
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AdaGrad-type Methods

AdaGrad algorithm [Duchi et al. 2011]: (gx ~ &(xk))
D

——
> izoll&il®

Foundation of nowadays popular Adam, RMSProp, . ...

X1 = TQ(Xk — hkgk), hx =

Convergence rate: Assuming ||[Vf(x)|| < M, Vx, we get
- « _(M+o0o)D
E[f(xe)] — f* < ———,

where ¢ is the variance of gradient oracle.

UniXGrad [Kavis et al. 2019]: Accelerated gradient method with
AdaGrad step sizes but based on difference of gradients:

MD LD?*y oD
E[f (xx —f*<0<m|n{ } )
[F(%0) e R
(M and L are Lipschitz constants for f and Vf.)
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Motivation and Related Work

Develop “fully universal” gradient methods that automatically adjust to
the right Holder class and oracle’s variance. J

Related work:

@ Universal methods with line search [Nesterov 2015; Grapiglia and
Nesterov 2017; Grapiglia and Nesterov 2020; Doikov and Nesterov 2021;
Doikov, Mishchenko, et al. 2024]. Only for deterministic optimization.

@ Adaptive methods for stochastic optimization [Duchi et al. 2011; Levy
et al. 2018; Kavis et al. 2019; Ene et al. 2021] No specific guarantees for
Holder class.

@ Parameter-free methods [Orabona 2014; Cutkosky and Boahen 2017;
Cutkosky and Orabona 2018; Jacobsen and Cutkosky 2023; Carmon and
Hinder 2022; Defazio and Mishchenko 2023] Slightly different focus, also
no specific guarantees for Holder class (with stochastic oracle).

@ Most recent work [Li and Lan 2023] Line-search-free accelerated
gradient method, similar to ours step-size formula, but only for
deterministic optimization.
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Part |l: Main Algorithms and Results



Problem Formulation

Composite optimization problem:

F*= min {F(x) = f(x) +1¥(x)},

x€dom ¢

where f and 1) are convex functions, 1 is simple.
Assumptions:
© Bounded domain: ||[x — y|| < D, Vx,y € dom.
@ Holder gradient: ||Vf(x) — VFf(y)|l < L,||x —y||*, v € [0,1].
@ Unbiased stochastic oracle: E¢[g(x,&)] = VF(x).
@ Bounded variance: E¢[||g(x,&) — VF(x)]]?] < o2.

Discussion:
@ Most important example: v is {0, +oo} indicator of set Q.
@ Our methods require D and automatically adapt to v, L, and o.
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Universal Stochastic Gradient Method

Method: Choose xp € dom ), set Hy = 0 and iterate:

) Hy A
X1 = argmln{(gm x) + (x) + 7HX - Xk\lz}, gk ~ &(xk),
xedom ¢

[Birr — Zer2 q]s vt = X1 — Xl

,  where
D? + %’7%4—1

Hi41 = Hi +
Br+1 = (8k+1 — 8ks Xk+1 — Xk)

° Bk+1 is a stoch. estimate of symmetrized Bregman distance:
Bf(x7y) = <Vf(y) - Vf(X),y - X> = ,Bf(X,y) + /Bf(y’x)’
where S¢(x,y) = f(y) — f(x) = (VF(x),y — x).

o Convergence rate for xx = %Z,’-‘Zl Xj:

8L,D" 4D
- _ * < . v
E[F(%)] — F _uel?ofl] oz T N
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Universal Stochastic Fast Gradient Method
Set vo = xo, Ho= Ao =0, ax = k, Ay = S5, a; = 1k(k + 1) and iterate

_ AkXk t a1 vk
Y VI
k+1

. Hi
i = argmin{ aica[(g) x) + 0 ()] + Sellx = vl
X

AXi + Ak4+1Vi+1
Ak+1

’ g[}(/Né-(yk)a

Xk+1 =

R Mk+1 = || Vi1 — Vil|s
H
[Aks1Bi1 — S )+

D>+ 3rs

Hit1 = Hi + s Bra1 = (81 — 81> Xkt — Vi),

gff+1 ~ é’(Xk+1)-

Convergence rate:

32L,D1*"" 80D
_F*< v
EFGal = F < ue'?of,ll Kz
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Part Ill: Main ldeas and Outline of Analysis



Starting Recurrence

Method: xi1 = argmin, {(Vf(xk), x) + ¥(x) + %Hx — xi ||}
e Central inequality (for dx = ||xx — x*|, rke1 = [|xkr1 — xk||):

H, H
f(xk) + (VF(xk), X1 — Xk) + (Xkq1) + —- rk+1+ kdk+1

< f(xk) + (VF(xk), x" — xx) + (x*) + %d,%

(Cf: ¢(x) > ¢(X) + 4|x — X||? for p-strongly cvx ¢ with minimizer X.)
e Estimating f(xx) + (VF(xk), x* — xx) < f(x*) and rearranging gives

F(Xk+1) - F + de/%+1 < 7kdl% + /Bk+1 - 7kr£+17 (*)

where Bii1 = f(xkt1) — F(xk) — (VF(Xk), X1 — Xk) = Br(Xk, Xke+1)-
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Universal Gradient Method with Line Search — |

Recall: For Bxy1 = Br(xk, Xk+1), rks1 = [[xkr1 — x|, we have

N Hk Hi H
F(xk41) — F dk+1 dk + Brt1 — > iy (*)

H
Line-Search Approach: Choose Hj such that |5y 1 — 7kr,3+1 < % (#),

and divide (*) by Hk to make d2-terms telescopic:

1
I_Tk[F(XkH) F 1+ dk+1 dk+

2Hk
Tel . d divi by S, — k11' t (for H* = H:
elescoping and diving by Sy —0 H;» We ge (for H; ogrpgél i)
d? e  Hid? e
) - F <55 TS 2 T2 %)

It remains to upper bound H;.
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Universal Gradient Method with Line Search — Il

Recall: Hj needs to satisfy Ay == [x 11 — %r,f+1 <5 (#).
o Since Bir1 = Fxur1) — F(xi) — (VF(xi), Xiea1 — Xi) < 15510ty we
can estimate (maximizing in the expression in rii1):
2/(1-
L g Moo =0/

A, < r - — .
k > 1+v k+1 2(1 +V)Hl((l+y)/(1—l/)

r
2 k+1 =

@ Hence, (#) is satisfied whenever H) > H,, where
(1-v)/(1+v)
A, = 2/ 7Y _

v (I1+v)e

@ Line search ensures that H, < 2H,, where H, = infl,e[()’l] H,.
@ Substituting this bound into (xx), we get the final complexity of

5 2 2/(1+v)
o( inf H”d") —o( inf [L”} d§>
velo,1] € velo,1]| €

iterations to reach F(x;) — F* <.
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Our Approach: How to Avoid Line Search

« H H H
Recall: F(Xk+1) —F k dk+1 u dk + ,3k+]_ 2k r£+l. (*)
To make (dx = ||xk —X*H)—terms teIescope, require Hy < Hj1 and rewrite
H H H 1

F(xi41) — F* + k2+1 i1 — kdk < Brtr — 2k ey + 5 5 (Hier = Hi)di 41

Hi 2

N Skt 5 (Hk+1 Hi)D*.

. 1 2 Hk 2
Main idea: Choose Hj1: 5(Hk+1 — Hx)D* = [5k+1 -5 k“Lr (#)

Then, we get easy-to-telescope recurrence:

Hk+1 Hi 2
F(Xk+1) — F* 4+ dk+1 < dk + (Hk+1 — Hk)D ,
which gives us, after telescoplng,
Ho H, D?
F(xg)— F* <= < —
()~ F* <7 < 2
16 /23

do (Hy — Ho)D?



Our Approach: Estimating growth rate of H

e To estimate growth of Hy, use (#) and Holder smoothness:

1 He 5 } < (1- V)L,Z,/(l_y)
+

“(Hiy1 — H)D? = - :
2( k+1 k) [ﬂkﬂ 5 Tk+1 2(1+u)H,(<1+”)/(1_V)

@ Suppose we have Hj 1 instead of Hy in the right-hand side. This is
C > M (Mip1 — Mi) > [yt t9=2dt = (MF — MP), which
means that M, < (pCk)Y/P (provided that My = 0). Thus,

He < inf K- ”)/2

vel0,1] Dl v

and F(x*) — F* < HD2 < ¢
(Xk) - ko~ UEI[O,I]

| 12/
O( inf [”} D2> iterations.

velo,1]

<e€in

L,D*v
k(1+u)/2
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Our Approach: Final Comments

To replace Hy with Hy1, we go back to (x), rewrite

H H
F(xi1) — F+ k+1 — = di - kdf < Bkt — 2k i+ 5 (Hk+1 Hy)D?
H
< Br+1 — k;l riev1 + (Hepr — He) D,

H
and choose Hyy1 from | (Hir1 — Hi)D? = | Byt — k;l rk+1]+ (#).

[ﬁk—i—l rk+1]+

The explicit solution is Hx41 = Hi +
D2 + §I’k+1

Proceed as before: F(xx4+1) — F* + Hk“ dZ., < Ay S d? + 2(His1 — H) D?,
to get
2HD?* _ . 2L,DY
< inf ———.
k velo,1] k(1+v)/2

Fxg) - F* <
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Stochastic Oracle: Outline of Analysis

Method: i1 = argmin, {{gi, x) + $(x) + % x — xil}, gk ~ (xk).

Opt. condition for xx11 gives (for dx == ||xx — x*||, rk+1 = ||xk+1 — xkl|)
H H

F(xi) + (8K X1 — k) + (k1) + 7kf/3+1 + kdk+1

< F(xk) + {8k, X" — xk) + p(x*) + ﬂdk

Using E¢, [f(xk) + (gk, X" — xi)] = f(xi) + (VF(xi), x* — xi) < f(x*)
(assuming that gx = g(x«,&k)) and rearranging as before, we get

H H
E[Flxa) = "+ =522y — 2]

H,
< E[ﬁkﬂ k2+1 revr + (Hig — Hk)Dﬂ»

where Bk—&-l = f(Xk+1) — f(Xk) — <gk,Xk+1 — Xk>.
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Stochastic Oracle: Outline of Analysis — Il
Our recurrence:

H H
E|:F(Xk+1) o F* k-l-l dk+1 k

2 d" }

H
SE[ﬁkH TR+ (Hys — HOD?).

where [ii1 = f(xer1) — F(xk) — (Gks Xkr1 — Xk)-

Note: Cannot compute (1!

Main idea: Estimate ;1 < <Vf(Xk+1) — 8k Xk+1 — Xk> = E§k+1 [/3k+1]1
where Bii1 = (gk+1 — 8k» Xk+1 — Xk) can be computed, and choose Hy1

A H
from equation (Hk+1 - Hk)D2 = ﬁk+1 k2+1 ;%+1:|+

This gives us, as before,
2E[H,]|D?
p .
20/23

E[F(x)] — F* <



Stochastic Oracle: Estimating growth of H,
To estimate growth of H,, we first estimate

B = (VF(xur1) — VF(xk) + Drrts X1 — xk) < Lord + ops1rira,

where Agi1 = 01 — Ok with §x = gk — VF(xk), and ox11 = || Aki1]]
(note: E[o7 4] < 202).

This gives us

PN Hk 1 (1 B V)Lz/(l ) UI%—H
Hy 1 — H)D? = —= :
(Hiks1 — Hi) [/Bk+1 > k+1] + ¥ (L4 ) HEATT T

Analyzing recurrence gives Hy < O( e k(1=)/2 [1)(2:(:1 01'2)1/2)' S0

L, 1-v)/2
E[H] < O(Vel?ofl] K2 1 O ),
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Comparison with AdaGrad-type Methods

Recall main recurrence: (for Bk+1 = (Gk+1 — 8ks Xk+1 — Xk))

. H H H
E[F(xk+1)—F - —kdk] < E[ﬁk+1*%rk+1+(Hk+l_Hk)D ]
o Note that (for Vi1 = [lgk+1 — &«ll)
A Hkt1 o Hk+1 7k+1
_ < <
Br+1 5 Tkt S Vertlerl — 5 rep1 < T

N 2
@ So in our alg., (Hk+1 — Hk)D2 = [Bk+1 — #r,fﬂh < Jjﬁ, i.e.,
1 /e )\ 1/2 .
Hk < H, = B(Z fy,-) (AdaGrad step-size coefficient)
=1

@ Thus, our “step-size” Hik is smaller than ﬁ of AdaGrad.
k

2
@ AdaGrad corresponds to balance equation (Hy1 — Hx)D? = 275:;.
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Conclusions



Conclusions

@ We presented Universal gradient methods for Stochastic Optimization.

@ They only need to know diameter D of feasible set, and automatically
adjust to smoothness class (v, L,) and oracle's variance o.

@ These are standard methods which use a special rule for adjusting
step-size coefficients based on the idea of balancing the two error
terms arising in the convergence analysis.

Paper

Universal Gradient Methods for Stochastic Convex Optimization
arXiv:2402.03210

Thank you!
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