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Gradient Descent

Consider the unconstrained optimization problem

= min f(x),

where f: R” — R is a differentiable convex function. Assume this problem
admits a solution x*.

Gradient Descent (GD): Choose xg € R" and iterate
1

Xk4+1 = Xk — —Vf(Xk), k 2 O,
M,

where My > 0 are step-size coefficients.
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Classic Theory

Main assumption: f is Lipschitz-smooth:

IVE(x) = VI < Lix—yll,  ¥x,y e R".
Standard convergence result: If , then
LR?
f — < —
(Xk+1) = 2(k+ 1)7

where R is the distance from the initial point to the solution:
R = ||xo — x*||.
To get f(xk4+1) — F* < ¢, it suffices to make the following number of steps:

LR?
NGD(E) = ?
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Key Inequalities in Classic Theory

@ Step-size coefficients M) must be sufficiently large so that
M
F(Xer1) < F) + (V)01 = 3 + =5 e = x> (%)
_ 1 2
= F(x) = g7 IV RN

This is certainly true whenever My > L.
e If a GD step satisfies (*), then

Ik = x*|%.

N

1 * 1 *
Vk[f(xk—i-l) -1+ §||Xk+1 — X2 <

Consequently,

R? < /\/Imax,kR2

f(x —f* < ,
(k+1) — 225(:0Mll — k+1

where Mmax,k = maxog,-gk M,'.
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Line Search
Step-size coefficients can be automatically selected by the algorithm.

Line Search: Given M > 0, find smallest integer iy > 0 such that
b 1
M, = 2" My, Xk+1 = Xk — — VI (xk)
M

satisfy inequality (*). Set My 1 = %Mk.

Number of oracle queries: In the worst case,

MR? 4M
Ncp.1s(e) = —— + lo —,
6p-Ls(€) - g2 o

where M = max{2L, My}.

e For a small My, this is the same worst-case efficiency as for the
constant step-size version, up to an additive logarithmic factor.
@ In practice, much better performance since usually My < L.
12 June 2026 6/28




Main Observation

Recall the main inequality (*):

M
Fxieer) < FO0) + (VF00): X1 = )+ xie = el

which, in turn, ensures the key recurrence:

bxic = x*[12.

N =

1 * 1 *
Vk[f(ka) — 1+ §||Xk+1 —x*|? <

Note: |xx+1 — x*|| < ||[xk — x*||. This means that

xk €| B(x*,R) = {x: ||x — x*|| < R}, Vk >0,

where R = ||xo — x™||.

Do we actually need to assume that f is globally Lipschitz-smooth?
Maybe we just need Lipschitz-smoothness on B(x*, R)? J

T g3 03 o



This Talk

Indeed, it is enough to assume smoothness only on B(x*, R):
IVE(x) = VI < L(R)lIx =y, Yxy € B(x,R),

and all the previous results are still valid with L replaced by L.(R)!
The same is also true for the Fast Gradient Method (FGM)!
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The Setting

Problem:
f*:= min f(x
x€eR" ( )7
where f: R” — R is a differentiable convex function. Assume this problem
admits a solution x*.

Main assumption: f is L,(R)-smooth on B(x*, R):
IVE(x) = VI < L(R)lIx =y, Yx,y € B(x",R),

where
R = |x0 — x|,

and xp € R” is a given starting point.
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Main Property of Gradient Step

Gradient step: | Ty (x) = x — 4 Vf(x),|x € R", M > 0.

Main property
If x € B(x*,R) and M > L,(R), then Ty (x) € B(x*,R). J

Proof: Let T := Ty (x). Then,

IT = xJ2 = llx = x"|2 = LV (), x = x) + 5 [ VA2 < lx =72

since

1
2y 4 2
SIVFRIR 2 s IVF)I2 O

N
~
*
—
~
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Key Inequality

Let f be convex and Lg(r)-smooth on B(X,r). Then, for any x € B(x,r),

(VF(X) = Vf(x),x —x) > f(x) — f(x) = (VFf(x),X — x)
1

>
- L;(r

IVF(R) = V)|

N
~
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GD with Constant Step-Size Coefficients

Basic Version: xx11 = Tp(xk), k > 0, where M = L.(R). |

In this method, xx € B(x*, R) for all k.

Efficiency estimate: To get f(xx+1) — F* < ¢, it suffices to perform

L.(R)R?

NGD(G) - 2¢

steps.

Dy



Gradient Descent with Line Search (GD-LS)

1: Choose Mo > 0.
2: for k=0,1,2,... do
3: Find the smallest integer ix > 0 such that, for

Mk = Zik /\7’;(, Xk+1 = TMk (Xk)
the following inequality is satisfied:

M,
Flxir1) < FO) + (VF(xx), Xk — xi) + 7k||xk+1 — )%

4. Set Mk+1 = %Mk.

In this method, x, € B(x*, R) for all k.

Efficiency estimate: At most the following number of oracle queries:

M. (R)R? AM,. (R
NGD-LS(€) = (6) | 2 I\?I()’
0

where M, (R) = max{2L.(R), Mo}.

107 S G
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Fast Gradient Method (FGM)

Vo = X0, Ao =0,
2
Myaki1 = Ak + akt1, Aky1 = Ak + aky1,
~ AkXk + a1 vk

Yk = v Xk = Tm (V)

Ak41
Vi1 = Vk — ak+1 VT (yk),

where M is such that

M
f(xkr1) < Flye) + (V) X1 — i) + 7k||xk+1 — yil%.

In the basic constant step-size version,

My = L.(R).
Then, (*) is satisfied and we get x, yk, vk € B(x*, R), and
2L, (R)R2
Neew(€) = %
Can also use a standard line search!
Anton Rodomanov 12 June 2026
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Motivating Example
: 1 1
Problem: ggn{f(x) = SlAvx = bif]? + 7| Aox — b2H4}.
Note:
V2f(x) = A Ay + A] [||Aox — bo| |21 + 2(Aox — bo)(Aax — bp) T] As.

Hence, f is not Lipschitz-smooth (on the entire space) and the classical
theory of gradient methods (GMs) does not apply.

However, V2f(x) has polynomial growth:

IV2£ 0l < p(lx1)

for some non-decreasing polynomial p(-). Indeed,
IV2FOI| < (1AL + 3] A2 1] Aox — b |2
< || A2 + 6l A2l P([| A2l [Ix]1* + [162]]%)-

Existing advice [Lu et al. 2018]: Use Bregman Method (BM).

But the new theory of GMs does apply! Let's compare the two approaches.
12 June 2026 15/28



RGH Functions: Definition

Extension of the previous idea:

Function with Radially Growing Hessian (RGH)

A twice differentiable function f: R” — R is called RGH around x € R"
with modulus Lz(-) if, for any r > 0 and any x € R”,

Ix—xl<r = V()] < Ls(r).

Note:
e Equivalent to requiring f be Lz(r)-smooth on B(x, r) for any r > 0.

@ Any twice continuously differentiable function is RGH with

Lz(r) = V2£(x)].
(r) xe"é?éfr)” ()l

D



RGH Functions: Basic Examples

o f(r)=IrP, p>2 = Lo(r) = p(p—1)r"2.

o f(r)= eT = Lo(r)=¢€".

o f(r)=e" = Lo(r) =2(1+2r2)e".
Radial function:

F(x) = ¢(lx = xI),
where ¢: R. — R is twice differentiable such that
¥'(0) =0, ¢"(+) is non-negative and non-decreasing.
Then,
Ly(r) =4"(r).

f(x)=|x—x|P, p>2 = Lg(r)=p(p—1)rP2.
o f(x)=el %" — L5(r) =2(1+2r2)e

I RS



RGH Functions: Calculus Rules

° f(x) (X),C€R=>L( IILgx()

)=
o f(x) = filx) + falx) = Lx(r) = Lix(r) + Lax(r).
o f(x)=g(Ax+b) = Lx(r)= 2Lgy(ar+A) where a == ||A||
and A = |Ax+ b—y|.

Examples:
o f(x) = 3llAix — bi|® + 2] Aox — bo||P, p > 2:

Lx(r) = [ Adll? + (p = )l A2l P([| Al + | A2x — ba||)P~2
o flx) = X, el th:
Za2 a,r+A

where a; = ||aj|| and A; = |{(a;,X) + bil.

Dy



Minimizing RGH Function
Problem:

o

where f is a convex RGH function around xp with modulus L(-):
Ix =l <r = [IV*(x)] < L(r).

Denote R == ||xo — x™||.

Minor regularity assumption: ‘ L(-) is non-decreasing and differentiable. ‘
@ Monotonicity is natural from the definition.

o Differentiability ensures BM is well-defined and helps avoid
technicalities that are irrelevant to the main ideas.

@ Hold for all previous examples and are preserved by calculus rules.
Note: Since L(-) is non-decreasing, our RGH assumption is equivalent to

IV2F()I < L(lx = xoll),  Vx € R™

P RS



Bregman Method [Bauschke et al. 2017; Lu et al. 2018]
Relative smoothness: V?f(x) < LyV?d(x), Vx € R".

Bregman distance: (4(x,y) = d(y) — d(x) — (Vd(x),y — x).
Bregman Method (BM):

Xk+1 = argmin{f(xx) + (VF(xk),x — xk) + LaBa(xk,x)},| k> 0.

x€eR"

Complexity bound:
L4R?
Nem(e) = 26d7

where 1R% = B4(x0, x*) = d(x*) — d(x0) — (Vd(x0), x* — Xo).
Note: W.l.o.g., we can assume that

Ld = 1, d(Xo) = 0, Vd(Xo) =0.

Then,

N (€) = d(:*).

Anton Rodomanov
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Choosing Prox-Function — |

Goal: Find d such that V2f(x) < V2d(x), Vx € R".

Our assumption: V2f(x) < L(||x — xo||)!, Vx € R".

Natural idea: Find d such that L(||x — xg||)/ < V?d(x), Vx € R".

Natural choice: Radial function

[ d(x) = ¥(|lx — xl))|

for a twice differentiable ¢: R — R.

Requirements on :
@ [¢/(0) = 0| so that d is differentiable at xp. Then, Vd(x) = 0.

e |(0) = 0]so that d(xp) = 0.

@ Among all possible 1), choose the one which minimizes Ngwm(e), i.e.,

d(x*) = ®(lIx* = xoll) = ¥(R).

Anton Rodomanov
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Choosing Prox-Function — Il

Derivatives of prox-function:

Vd(x) = w’frx) (x — x0),

X

V200 = L1 [ - H

X

where 1, == ||x — xol|, ux = > and V3d(xp) = ¢"(0)/.
Goal: Ensure that V2d(x) > L(rX)I, Vx € R", i.e., forany r >0,
Y'(r)

r

> 1| and  w(r) = L(r).

Solution: The smallest such a function with ¥(0) = ¢’(0) =0 is

W(r) = /O " i(r)dr

Note: ¢'(r) = rL(r) and ¢"(r) = L(r) + rL'(r) > L(r).
12 June 2026 22/28




Choosing Prox-Function: Result

Result:

dix) = wllx - xol),  6(r) = /O " rL(r)dr.

Note: For functions with polynomially-growing Hessian,

where «; > 0, this recovers the recommendation from [Lu et al. 2018]:

p
(&% P
1!}(!‘) = Z I.+2rl+2.
i=0

In particular, for L(r) = ap + azr?, we get ¢(r) = Lr? + %2r*.
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Implementing BM

@ To implement one step of the method, we need to solve

Vd(Xk_H) = Vd(Xk) - Vf(Xk).

@ In our case, Vd(x) = w,(rx)(x —x0) = L(rc)(x — xp), so this is

/_(I‘k+1)(Xk+1 — Xo) = /_(I‘k)(Xk — Xo) — Vf(Xk) = Ak,

where ri == ||xx — xo]|-
o We first find rxy1 from the non-linear equation

L(r)r = [|Akl],
and then obtain
1 L(rk) :| 1
X, = xg+——A :x—[l— Xk—Xo)————<VF(xx).
it =20t ey T M ey | D) gy V)
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BM: Complexity Estimate

Recall:

Newi(c) — ¥(R)

€

)

where (R fo TL(T)dT.

Note: |9(R) ~ L(R)R?|in the sense that

R
Y(R) < L(R)/0 rdr = 3L(R)R?,

R R
¥(R) 2/? rL(T)dT > L(g)ﬁ rdr = 3L(B)R%
2 2
Conclusion:
L(R)R?

NBM(G) ~

€
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Comparison with GD

For the “classical” GD,
1
Xkl = Xk — MVf(Xk), k >0,

with My = L.(R), we have, according to our new theory,

Ngp (€) = M7

€

where L,(R) is the smoothness constant on B(x*, R).

Note: B(x*, R) C B(xp,2R) and B(xp, R) C B(x*,2R). Hence,

L.(R) < L(2R),  L(R) < L.(2R).

Thus: | Nop () ~ Naw(e). |

I RS



Comparison with GD: Discussion

Thus, GD has the same efficiency guarantee as BM.

However, GD is simpler:

» No need to solve non-linear equations.
> Needs only a scalar L.(R) in contrast to an entire function L(:) in BM.

Knowing L(-) is hard. E.g., f(x) = 3[|A1x — b1||> + || A2x — bo||* has

L(r) = [|A1]l® + 3]l A2 (| Azl + || A2x0 — b2l])*.

Depends on the function’s structure and problem's data; computing
|AL]| and ||Az]| is not easy.

Knowing L.(R) is even more difficult. But we can use line search,
preserving the same efficiency guarantee (up to an additive log-term).
This is not the case for BM: line search is possible, but can we prove
anything “good”?

@ GD can be accelerated = FGM. For BM, this is an open question.
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Conclusions

@ Classical GD and FGM methods do not need the objective to be
smooth on the entire space, but only on the restricted set B(x*, R),
where R = ||xo — x*||.

@ This also works for methods with line search. The resulting
algorithms are completely standard.

@ Same results also hold for composite optimization problems.

@ Possible application: minimization of RGH functions. No need to
apply the sophisticated Bregman Method based on relative
smoothness.

Thank you!
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