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Problem Setup

inf
min F(x)

o f: R" — R is a general convex Lipschitz continuous function.

e @ C R"is a compact convex set with nonempty interior.
First-Order Oracle: Returns f'(x) € 9f(x) for any x € R".
Separation Oracle: Checks if x € Q. If not, returns go(x) € R" \ {0}:

(ga(x),x—y) >0, VyeQ.
Ex: @ = {x:g(x) <0} for convex g: R" = R = go(x) = g'(x).
f'(x), ifxeq,
go(x), ifx¢ Q.
Main property: For an optimal solution x*, we have

(G(x),x —x*) >0, VYxecR"

Combined Oracle: G(x) = {
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Ellipsoid Method: Geometry

Ellispoid: For x ¢ R", H e S ,,

E(x,H) = {x: (H}(x—x),x—X%) < 1}.

Let E = &(x,H), g € R"\ {0},
E:={xcE:(g,x—x)>0}

Minimum-volume ellipsoid D E:

ECE. = &Ry, Hy),
where

vol E; < exp(—1/(2n)) vol E.

Ellipsoid E4 can be easily computed:

L% 1 Hg n? ( 2 HggTH>

H. =
n+1(g Hg)t/2 T -1 n+1 (g, Hg)

Anton Rodomanov Subgradient Ellipsoid Method FGP22 3/22



Ellipsoid Method: Algorithm

@ Choose xp € R"” and R > 0 such that Q C B(xo, R).
Q Set Hy = R?I.
© lterate for k > O:

©® Query the oracle to obtain gx = G(x«).
@ Compute the center of the new ellipsoid:

_ 1 Hkgk
n+ 1 (gk, Higi)t/?’

Xk+1 = Xk

©® Compute the matrix of the new ellipsoid:

o n? (H 2 HkgkngHk)
LS n?2—1 k n+1 (gk, Hkgk> ’

Output: x; = argmin{f(x) tX € X0y, Xk—1} N Q}, k>1.
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Ellipsoid Method: Complexity

To obtain x; € Q such that f(x;) — f* < ¢, Ellipsoid Method needs

Ken(e) = O(n2 In %ﬁD)

iterations, where
@ M is the Lipschitz constant of f.
@ D is the diameter of Q.
@ r is the inner radius of Q (largest of radii of Euclidean balls C Q).
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Comparison with Subgradient Method

Suppose that

Q = B(Xo, R)
Then, we obtain the following estimate:
2MR
_ 2
KEH(G) == O(n In c )

Cf: Subgradient Method (7 is the Euclidean projection on Q)

X1 = mQ(Xk — hkg), k>0,
where hy = 2R/(||gk||[vk + 1), has the “dimension-independent” bound:

Ksubgr(€) = o(M:2R2).

Note: KEH(G) <K KSubgr(e) — KL @

Note: Kgj(€) — 0o when n — oc.
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Main lIssue

Recall the iteration of the Ellipsoid Method:
1 Hi g
n+1(gk, Hig)/?’
2 HkgkngHk>
n+1 (g, Hkgk)

Xk+1 = Xk —

n2
His1 = <H -
k+1 n2 1 k

When n — 0o, we obtain:
Xk41 = Xk, Hi+1 = H.

=—> No convergence.

Can we improve the Ellipsoid Method?
(Make it at least as good as the Subgradient Method
while retaining the original guarantee of the Ellipsoid Method.)
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Subgradient Ellipsoid Method: General Scheme

@ Choose xp € R"” and R > 0 such that Q C B(xg, R).
@ Define functions £g(x) = 0, wo(x) = 3||x — xo||°.
© lterate for k > O:

® Query the oracle to obtain gx = G(x).
@ Compute Uy = MaX, cq,AL- (gk, Xk — x), where

Q= {x € R" : wi(x) < $R?}, L, = {xeR":{(x) <0}
@ Choose coefficients ak, by > 0 and update functions

i1 (x) = Le(x) + ai (@i, X — Xi),
Wit (x) = wk(x) + 3bic(Uk — (g Xk — X)) (&> X — Xk)-

@ Set X1 = argmin, cgn[li1(X) + wir1(x)].

Note: € is an ellipsoid, L, is a halfspace.
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Explicit Formulas

By definitions:
o (i(x) = 215y ailgi, x — Xi)-
o wi(x) = 3lIx = xol? + 5 /50 bi(U; — (g1 xi — x)){gisx — xi).
@ Xi = argmin, cpn [k (x) = Li(x) + wi(x)].

Note that:

@ ) is a quadratic function with Hessian Gg:
Go =1, Gig1 = Gi + bugrgy - k > 0.

@ We can maintain their inverses H, := Gk_l:

bxHygrg, Hk
Ho=1,  Hygss = He— . k>o.
0 e “7 1+ belgx, Higr)

@ Then:
ax + %bk Ur

1+ bi(gk, Hkgk)
S

Xk+1 = Xk Hygx, k > 0.



Cutting Plane Property

Recall that

= {x e R": wy(x) < 3R?}, L, = {xeR":{(x) <0},

where wo( ) = 2||>< —x0/|?, fo(x) =0, and, for any k >0,
U1 (x) = Lic(x) + an gk, x = Xk),
wier1(x) = wi(x) + 35Uk — (g, Xk — X)) (ks X — X&)

with Uy = maX, cq,ni; (8K, Xk — X).

Cutting plane property: For all kK > 0, we have
o x* Q)N L;
o {xeQnNL :(g,x—xk) <0} CQpanNl .
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Explicit Representation of €2

Lemma. For all Kk > 0, we have

Qi ={x eR": —l(x)+ %Hx — Xk”2Gk < %Rf},

where
(llexlls,)?
Ro = R, Ri. 1 = RE + (ak + Sbi Uk k——, k>0.
k+1 — Tk ( ) 1+bk(“gk||(;k)2

Consequences:

O UNL, CO={xeR":|x—xlg < Ri}.

@ —lk(x) < 3R2 for all x € Q.
Sliding gap: For any k > 0, such that 'y == ffz_ol aj||gi]| > 0, define

k—1
1 1 R?
Ay = ;2?2)( —[ U(x)] = )r(ré?;i — z_;a,-(g,-,x,- —x) < ﬁ

Note: By appropriately choosing ax and by, we can ensure that Ay — 0.
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Gap and Functional Residual

Gap: Given A = (Ao, ..., Ak—1) = 0 with T, () = Zlf_l Aillgill > 0, set
Ok(A) = max =5 Fk ZA gi,xi —

Recall that Qo = B(x0, R) 2 Q.

Main result: If §; = dx(\) < r for some A\, then the approximate solution
xi = argmin{f(x) : x € {x0,...,xk—1} N Q} is well-defined, and

F(xp)— F* < Ok ~MD.

Note: We will see that §x(A) < Ay for some A (explained later).
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Bounding Sliding Gap
Recall: )
A < e
2,
Let us choose
CL’kR+ %9’7/‘?;(
kg,

where ., 0,7 > 0 (to be chosen later).

. b= k>0,

ay = " s
(llellz, )

Lemma. For any k > 0 and any 7 > 0, we have
k—1 1
2 k 2 . _ k/n __
RE<q"GR?, Ti>R( §__0 ai + 50y /ynl(1+ )7 — 1),

where
2

c 1 T+13
g=1+ -~ c=Z(r+1)(0+1)? C=1+ > ot
i=0

2(1+47)’ 2 T

v
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Subgradient Method

ag >0, 0:=0, v =
Then: k—1
X1 = argmm[—ux — 0l + Y ailgix
i=0

In this case, Qx = Qo = B(xo, R) (no sliding), and
k 1 2

1

221 o @i
o Constant step size: Fix kK > 1 and set
1
aj=— (0<i<k—-1) =

Vk

e Time-varying step size:
1
QY = —— Ak S

vVk+1
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0.
- ;>} = Xk — aKgk-

R
A < —.
= Vk

2+ 1Ink

R.
2Vk
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(Standard) Ellipsoid Method

In this method:
@ g, =0 forall k>0.

o lk(x) = X210 ailgix —xi) = 0.
) Lk =R" and QN Lk =Q = {X' ||X_Xk||Gk < Rk}.
oM =Y algll=0 = Ax= maxXer[ £ (x)] undefined.

° Substitute. average radius

vol Q 1/n —_1/(2n
P tTokn} — Ruldet Gl /") < exp(—k/(2n)) R

Can be shown that f(x;) — f* < p—rkMD.
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Ellipsoid Method with Preliminary Certificate

11
ag =0, 0 =v2—1(=041), v =m(2n) € [—, —]
2n" n
In this method:
@ ay > 0, hence the sliding gap Ay is well-defined.

o Rate:
Ay < 6exp(—k/(8n%))R.
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Subgradient Ellipsoid Method

0
o= By g, 0= V2-1(~026), yi=m2n) €[5

Then:

A < |2 BT+ D BR, k<,
“= \6exp(—k/(8n2))(1+ XKL AR, if k > n2.
o Constant step size: Fix kK > 1 and set

4R/Vk, if k < n?,

1 .
Bi = N O=isk-1) = A< {12Rexp(—k/(8n2))7 if k> n?.

e Time-varying step size:

1 2(2 + In k)R /Vk, if k < n?,
Bk = = Ax < .
Vk+1 6(2 + In k)Rexp(—k/(8n?)), if k > n?.
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Discussion

Rate of the Subgradient Ellipsoid Method:
: 2
A, < 4R/ k, if k< n?,
12Rexp(—k/(8n?)), if k> n?.
Rates of the Subgradient and Ellipsoid methods:
o AP = R/Vk,
o pi = Rexp(—k/(2n?)).

Note: A8 < Bl — Kk < Ky, where n? In(2n) < Ko < 302 In(2n).

Conslusion: Ay < min{AEUbgr,pEu}- J
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From Sliding Gap to (Usual) Gap

o Sliding gap:
= k—1
Ay o= max ;3i<giaxi - X), Mk = IZ:; aill&ill-
@ Gap (for a certificate A := (Xo, ..., A\k_1) > 0):
= k—1
0k(A) = P )\,‘,‘,,'—, (N) = )\,’,‘.
)= e g Mg T = 3 vlal

Main result: There exists p == (po, .- ., fik—1) > 0 such that
dk(a+ p) < Ag.

Note: p can be efficiently computed (next slide).
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Computing Accuracy Certificate

Recall the cutting plane property: for Qi =, N L, , we have
Qc = {x € Qc: (gk, x — xx) <0} C Q1.
Dual multiplier: For any s € R", we can find p; == pi(s) > 0 such that

max(s, x) = max[(s, x) + pi(gi, xi — x)].
XEQ; x€Q;

Note: 1; can be efficiently computed in O(n?) operations.

Augmentation Algorithm [~ Nemirovski, Onn, Rothblum, 2010]
Q Set s = — foz_ol agi.
Q lteratefori=k—1,...,0:

@ Compute p; == pi(s).
@ Set s; =51 — g

Total cost: O(kn?).
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Conclusions

@ The standard Ellipsoid Method has an “incorrect” dependency on n.

@ We have proposed a new version which is more robust w.r.t. n.
@ It can be seen as a combination of:

> “Dimension-dependent” Ellipsoid Method.
» “Dimension-independent” Subgradient Method.

@ Can be extended to more general problems with “convex structure”
(primal-dual problems, saddle-point problems, variational inequalities).

Open questions:
@ Get rid of extra In k for time-varying step sizes?
k—1
(Dual Averaging?) x, = argmin %Hx — X2 + Z ai(gi, x — xi)|.
X i=0
e Continuous (monotone) convergence rate estimate?

@ Other combinations of methods?
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