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Part 1: General stochastic optimization



Stochastic optimization

Problem: min,cgrn f(x), where f is a differentiable function.

Main assumption: cannot compute f(x), Vf(x) etc. exactly, but we have a
stochastic oracle.

Stochastic oracle (SO): Given x € R”, it returns a stochastic gradient (SG) g(x):

» g(x) is a random vector in R” such that Eg(x) = Vf(x) (plus some assumptions
on the fluctuations).

Goal: A method for solving the problem given the SO.



Example 1: Stochastic programming
Let ¢ be a random variable supported on Q C RY and distributed according to a
probability measure P. For each w € Q, let £, : R" — R be a simple differentiable
function, and let

f(x) =Efe(x) = / fo (x)dP(w).

Q
Main problems:
1. The distribution P may be unknown (machine learning).

2. Even if P is known, to find a e-approximation of f(x), one needs O(¢~9)
computations of f,(x).

Under mild assumptions, Vf(x) = EVfe(x) = [, Vi, (x)dP(w).
Main assumption: It is possible to sample from P efficiently.

SO: Given x € R", generate { ~ P and return g(x) := Vfe(x).



Example 2: Finite sums

Let f1,...,fm: R™ — R be simple differentiable functions, and let

) = = > ()

Applications: Machine learning with a finite data set.
Main problem: To compute f(x) or Vf(x), we need O(m) operations.
SO: Given x € R", generate iy ~ Unif{1,..., m}, and return g(x) := V£ (x).

Complexity: O(1), not depending on m.



Stochastic optimization: goals and complexity
Problem: * := min,crn f(x), where f is given by an SO.

Goal: Given € > 0, find a random X € R":
» Ef(x) — * < e (convex optimization).

» E||VF(X)|?> < e (non-convex optimization).
Complexity measure: Number of calls to the SO.
Main result: O(e72) complexity.
NB: We may approximately minimize f without even computing f(x).

NB 2: O(s72) is the complexity of Monte-Carlo e-approximation of f(x) for a single x.
The above O(c7?) is the complexity of the whole optimization process!

Remark: Same results with high probability under some regularity assumptions.



Stochastic gradient method (SGD) for non-smooth convex optimization
Problem: f* := minycgn f(x), where f is convex.

NB: f may be non-smooth, so instead of gradients we work with subgradients.

Method: Fix xg e R", T>1, > 0. Repeat for 0 < k < T — 1:
1. Generate a stochastic subgradient gx of f at x.
2. Set Xgi1:= Xk — agk

Output: X1 := TZk o Xk-

Main objects responsible for convergence rate:
» Magnitude of SG: E||gk||? < M? for all k > 0.
» Distance from xg to optimum x*: D? := E||xg — x*||?.

Theorem: For o := T we have Ef (x7) — f* < %.

Complexity: O(s72).



Example: Empirical risk minimization (ERM)

Let ¢1,...,0m : R — R be convex functions, ai,...,an € R", and let
1 m
f(x):= m;gb;((a;,X)).
=
SO: Given x € R", generate i ~ Unif{1,..., m} and return g(x) := ¢} ((ajs, X))aio-
Magpnitude of data: B := maxi<j<m | ail|.

NB: If |¢i(t)] < G forall t € R, 1 < i < m, then E||g(x)|> < G?B2. Hence, M = GB.
1. (Robust regression) ¢(t) := |t|. In this case ¢/(t) = sign(t), and G = 1.

2. (Logistic regression) ¢(t) := In(1 + e*). Here ¢/(t) = % hence G = 1.
-1 ift<1
3. (SVM) ¢(t) := 0,1—t}. H '(t) = ~ . Thus, G =1.
(SVM) (1) i= max{0, 1~ £} Here /(1 {0 = Ths



SGD for non-smooth convex optimization: Proof

W *||2 ¥
Main result: % k 5 (Ef(x )— )+ E”XQTQ}( I < E”XSC} I + 57 Z EHng2
Proof: ) ) ) 9 9
Ellxk+1 — x*[|* = Ellxk — x* — agkl|” = E([[xk — x"||* — 2a(gk, xk — x*) + o~ [|g«[|*)

=E|xx — x*||2 — 20B(V f(xk), xx — x*) + azEHngz
< Ellxx — x*||2 = 20(Ef (xi) — £*) + K| g ||*.

Hence,
T-1 T-1 (|2 (2 T-1
" k=0 (Ellxc = x*[|* = Elxie41 — x*[]%) | « 2
> (EF(x) — ) < 5 + 53 Bl
k=0 1 o To1 k=0
= —(Ellxo — x*|* = Elxr —x*[) + 5 > _Elel®>. O
2a 2 pard
From the main result, using o = VT we obtain
T-1
1 D> aM? MD
Ef(x —f*<—§ Ef —f") < = . O
k=0 SN—~—

—0 noise



Smooth functions in optimization o)+ FF(eh -+ - o

Def: A differentiable function f : R" — R is called L-smooth
if £(y) < F(x)+(VF(x),y —x)+ 5|y —x||? for all x,y € R". )
Sufficient condition: V2f(x) < LI for all x € R". '
Example (ERM): Let f(x) := ¢({(a, x)), where ¢ : R — R,
a € R". Then
V2f(x) = ¢"((a,x))aa’ = HB?I,

where H := sup,c ¢”(t), B :=|a||. Hence, L = HB?.

> (Least squares) ¢(t) := 3t2. Here ¢"(t) = 1 and hence

H=1.

» (Logistic regressmn) o(t) :=In(1 + e'). Here

¢'(t) = 1+ e and H = 3.
Important fact: If f is convex and L-smooth, then for all x,y € R", we have

fFly) = £(x) + (VE(x),y —x) + Z*ILHW()/) — V()%

<y




Variance of stochastic gradients

Let Eg(x) = Vf(x).
Previous assumption: E|g(x)|> < M? (bounded second moment).
New assumption: f is L-smooth and E| g(x) — V£(x)||?> < 02 (bounded variance).

NB: Since E||g(x) — Vf(x)|?> = E|lg(x)||? — [[VFf(x)||?, we always have o < M.
However, sometimes o can be much smaller than M.

Example 1: Let g(x) := Vf(x) + £(x), where E¢(x) = 0, E[|¢(x)||2 < 0. Then
Ellg(x) = V()| < 02, while E[lg(x)||* = [IVF()[? + E€()[1Z < [IVFC)? + o2,

Example 2: Mini-batching (in a couple of slides).



SGD for smooth convex optimization [cf. Ghadimi-Lan, 2013]

Problem: min,crn f(x), where f is convex L-smooth and given by an SO.

Method: Fix xo e R", T>1, a > 0. Repeat for 0 < k < T — 1:
1. Generate a stochastic gradient gy of f at x.
2. Set Xg11 = Xk — agk

Output: X7 := Tzk o Xk-

LD? D
Theorem: For a := L+if' we have Ef (x7) — f* < — + i‘/? .

deterministic  ¢tochastic

NB: For o = 0, we recover the L—?2 convergence rate of the gradient descent (GD).

Previous result: For a := WDﬁ’ we have Ef (x7) — f* < %.

Complexity: Still O(¢~2).



SGD in the smooth convex optimization: Proof

Let 8k := gk — VF(xk). Using ||[VF(x)||? < L{VF(xk), xx — x*), we have
Elxr1 — x| = Ellxe — x*[|* < —2aE(VF(xc), xx — x*) + o’E| gi®

= —20E(Vf(xc), xx — x") + ”E(| VF(xi) 1> + 2(V F (xc), 0k) + [10k?)
< —af2 = La)E(VF(xk), xk — x*) + a?0? < —a(2 — La)(Ef(xx) — F*) + o0?

Hence, using o = i <7, we obtain

T-1 T-1 *1(]2 *(12 2
. 1 —o (Ellxk = x*[|* = Elxket1 = x*[I7) | ao
Ef(x7) — f* < =) (Bf(x) — f*) < =£=0
Gr)=f <7 H( Ca) = F7) a2—La)T T2 I
D? ao? DXL+ 25%) oD  LD* 30D

< < = . O
S e@—LoT " 2=la " T oyt T oyt




Minibatching
Idea: Given a point x € R”, call the SO N times to obtain the i.i.d. gi(x),...,gn(x),

and set g(x) == % SV | gi(x). Especially efficient when gi(x), ..., gn(x) are
computed in parallel.

Proposition: E|/g(x) — Vf(x)||? < %
Proof:

N
Ellg(x) - VAP = E %Z(g,(x) ~ V()

i=1

N
= %ZEH&'(X)— P+ Y Elgi(x) = Vi(x), g(x) = V(%))
i=1

1<I<_]<N

N
1 o?
= 5 D Eleil) - VAP < T O
i=1

v * o - * 2 o
Result: Instead of Ef (x7) — f* < LD + 23\} we get Ef(x7) — f* < % + 2\3mf’ﬁ_



SGD for smooth non-convex optimization [Ghadimi-Lan, 2013]
Problem: min,crn f(x), where f : R” — R is L-smooth, possibly non-convex.
Method: Fix xg e R", T>1, > 0. Repeat for 0 < k < T — 1:

1. Generate a stochastic gradient gy of f at x.
2. Set Xk41 1= Xk — Q8-
Output: y1 ~ Unif((xk)o<k<7-1)-

Theorem: For a := L+‘1D—ﬁ' we have 1E[Vf(y1)|? < 4 + 3(\7/% where
f
Df := (3(Ef(xo) — *))2.

NB: When o = 0, we recover the O(+) convergence rate of the standard GD.

—, we have Ef (y7) — f* < L—?z—i- 30D

Remark: If f is convex, then for o := ST

where D? := E||xo — x*||?.



SGD for smooth non-convex optimization: Proof
Let ok := gk — VF(xk). By L-smoothness, we have

L
BF(xca2) < B £050) + (97000 =50 + 2 ks — )

La?
= Ef(xk) — aE(Vf(xk), 8k) + TIEHgkII2

La?

= Ef(x) — aE[|Vf(x)[* + TE(HW(M)H2 + 2(VF(x), 0) + [|0kI?)
a2 — Lo La?0?
= Ef(w) - v+ BT
Hence,
T-1 T-1
1 1 22 _ (Ef(Xk) - Ef(Xk+1)) Laa2
E f 2_ - EIVF 2 k=0
TEIVAOTIE = g7 3 BIVA) | < =i R et e
_ 2(Ef(x) — f*) . Lao? D? Lac®  LD? 30Df

= = O
La(2 - La)T  2- Lo oz(2—La)T+2—La T +2ﬁ



Part 2: Noise reduction for finite sums



Overview

Problem: minycgn f(x), where f(x) := L 3" fi(x) with smooth f, ..., fm.

Goal: Given € > 0, find X € R":
» Ef(x) — f* < e (convex optimization).

» E|VF(X)|?> < e (non-convex optimization).
Complexity measure: Number of computations of V£(x).

Special algorithm: SVRG (Stochastic Variance Reduced Gradient method).

‘ Convex ‘ Non-convex
GD O(me™1) O(me™1)
SGD 0(¢7?) 0(¢72)

SVRG | O(e 1+ mloge™1t) | O(m+ mgs_l).



Noise reduction for convex optimization

Recall the convergence rate of SGD:
D? aM?
Ef(xt) — "< ——
Gr) =<7+

where E| g« > < M?.

This gives O(#) convergence rate for o = @(ﬁ)

NB: When E||gk|?> — 0, we obtain Ef(x7) — f* < O(#) for a not depending on T.
Example: For g := Vf(xx), we have E||gk||> = || VFf(x«)||*> — O.

Main question: How to ensure E| gx||> — 0 in the presence of noise?



Key idea of SVRG
Let f:=L13"" f. Let x,%X € R", iy ~ Unif{1,..., m},
8(x) = Viiy(x) + (VF(X) = V£ (X)) .
N——
E=Vf(x) E=Vf(%)-Vf(X)=0

Key lemma: Let fi,..., f; be convex and L-smooth. Then ,
E|g(x)||? < 4L(Ef(x) — f* + Ef(X) — f*) — 0 when f(x), f(%) — f*.

Proof: Using the inequalities ||u + v||? < 2||ul|® + 2||v||?, E||¢ — E¢||? < E||¢]|? and
the important fact about convex L-smooth functions, we obtain
Ellg(x)II? = ElIVfi(x) + (VF(X) = Vi (3)?
< 2BV (x) = Vi (x")||? + 2E[| V£, (x*) = Vi (%) = (VF(x*) = VF(%))||?
< 2E(|Vfi(x) = Vi (x")||? + 2E[| V£, (%) — Vi (x) |12
< ALE(fiy (x) — fig (x7) = (Vi (x7), x — x7)) 4+ 4LE(fiy (X) — fip (x*) — (V£ (x7), X — x¥))
N—— N——
E=0 E=0
=4L(Ef(x) — f*) + 4L(Ef(x) — 7). O



SVRG for convex optimization [cf. Allen-Zhu and Yuan, 2016]
Problem: min,cgn f(x), where f(x) := L 5™ £(x) and f; are convex.

Method: Fix xg € R", o > 0. Set Xy := xo, xg ‘= xg. Repeat for 0 < s < S5 —1:
» Compute &, := Vf(%)=15" V(%)
» Repeat for 0 < k < Ks — 1:
> Set x7,; = x; — agp, where g = Vfi:(x7) + (& — Vfi:(Xs)), if ~ Unif{1,... , m}.
> Set X541 = K% SRt xg and x5t = = Xi.-

Output: Xs.
Complexity: O(Z K + mS).

Theorem: Let A := Ef(xo) — f*, D? :=E||xp — x*||2. For a:= 61L Ks :— 2°Ko,
Ko := gLD , S = Iog2 , we have Ef(%s) — f* < e. Complexity: O( >+ mlog < 2).

Gain: O(¢7!) instead of the O(¢~2) of SGD.



SVRG for convex optimization: Proof

2
A 9LD
+ Ko

It suffices to prove that Ef(Xs) — f* < —5% (*), and then plug in Ko and S.

By the main result of SGD and the key lemma of SVRG, we have

Ks—1 Ks—1

x Z (BFO) — ) + g Bl — X' < 5 i Bl =X I+ 5. X Bl
< s Bl = x| + 2La(EF(5) — ) 4 2La Z (EF(xE) — F7).

Hence, “ k=0

1 o oy, Bl —x1P 1/ 4la y oy o Ellxg — x|

K. kZ::O (BF )= )+ k(1= 2La) = 2 <1 ot B =)+ = 2La))

. 1 K. 1 +1 .
Using o := gf, Ksy1:= 2K, Ksq1 = K Yoo Xk and xg" = = X, we obtain

. El|xg*t — x*||? 1 E|xg —x*|1?
Ef g Ef e X0 X )
(%s+1) aKsH(l i) =2 B — 4 010

Now (*) follows by induction.




SVRG for non-convex optimization [Reddi et al., 2016]

Objective: f(x) := L Y™, fi(x), where f; are L-smooth but possibly non-convex.

Method: Same as before but now K := K (constant number of inner iterations) and

Xsi1 1= x5 1= x5 (last iterate).

Output: y1 ~ Un|f((xk)0§k§K—l,0§s§5—l)-

Theorem: Let T > 1. For a :=O( 33 L), K:=0©(m) and S := T/K, we have
LE|VF(yr)|? = O(2L2(Ef(x0) — £*)) with complexity is O(m + T).

Corollary: SVRG complexity is O(m + m?/3¢1).

Complexity of SGD: O(¢72).  Complexity of GD: O(ms™1).



Practical performance [Reddi et al., 2016]

Figure: Neural network results for CIFAR-10,

MNIST and STL-10 datasets.
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Conclusion

Part 1: General stochastic optimization:

» Use random unbiased estimates g(x) of the true gradient Vf(x).
» Main method: SGD. Complexity: O(s72).
» Important characteristics:

» Magnitude of stochastic gradients: E|g(x)||> < M?.
» Variance of stochastic gradients: E||g(x) — Vf(x)||? <

Part 2: Noise reduction for finite sums

» When f(x) = L 3, fi(x), both M and & can be dynamically reduced provided
that one can evaluate objective several times.

» Gain: More efficient method SVRG. Complexity: O(e71).




