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Optimization Problems

Minimize a given function subject to certain constraints:

in f
min f(x),

where Q@ C R".

Many applications:
@ Machine Learning
Economics
Engineering

°
°
@ Telecommunications
@ Signal Processing

°
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Example: Machine Learning

Empirical loss minimization:

mXin Z E(b,-, B(x, a,-))

i=1
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Gradient Method

Problem: min,cprn f(x).

Gradient of a function: Vf(x) = (8(;&)( )i, (ERM).

Gradient Method J

Xk+1 = Xk — Oéka(Xk), k > 0,

where o > 0 are certain ‘“step sizes”.
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Example: Convergence Plot

Softmax: n =200, mu =1

101 & —e— Gradient Method |

BN

1073 \

o N\

10-5 \\

10-6 \

. \

0 5 10 15 20 25
Iteration number

Functional residual

Anton Rodomanov Modern local analysis of QN methods



Example: Slow Convergence

Softmax: n = 200, mu = 0.001
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Why so slow?
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Convergence Theory for Gradient Method

Problem class: Strongly convex functions with Lipschitz gradient:

pl < V2F(x) < LI,  V¥xeR",

where V2f(x) = (gifé?)&zl (e S").

Main parameter: Condition number s = ﬁ (>1).
Convergence rate: f(x;) — f* < (1 — > ) [f(x) — f*].

Complexity bound

K(e) = xIn(e™)

iterations to find x, such that f(xx) — * < €[f(x0) — f*].
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Good and Bad Examples Revisited

Softmax: n = 200, mu = 1

Softmax: n = 200, mu = 0.001
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Newton's Method

Problem: min,crn f(x).

Newton's Method

X1 = Xk — [V2F ()] TV F(xk). J

Interpretation: Automatic preconditioning (scaling) of Gradient Method.
Main idea: Minimize quadratic model around previous point:

f(x) = f(xi) + (VF(x), x — xi) + %(V2f(xk)(x — Xk ), X — Xg)-
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Newton's Method: Convergence Rate

Main assumption: f is u-strongly convex with Ly-Lipschitz Hessian.

Local quadratic convergence:
V() < 2TLQHW(Xk)II :
Very fast convergence: rc1 < r2 (0.1 — 0.01 — 0.0001 — ...).

Complexity bound

When started sufficiently close to solution!, Newton's method needs

K(e) = logz log, O(¢™")

iterations to find xi such that f(xx) — f* < ¢[f(x0) — f*].

1

!Specifically, when ||V f(x0)|| < O(?/Ls).
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Globally Convergent Variants of Newton's Method
Damped Newton’s Method:

X1 = Xk — [V F(x)] IV F (x),
where ay € [0,1] and oy — 1 as k — oc.
Other variants:
@ Levenberg-Marquardt regularization (Levenberg, 1944; Marquardt, 1963).

@ Trust-region methods (Goldfeld et al., 1966; Conn et al., 2000).
@ Cubic regularization (Nesterov and Polyak, 2006):

Xk+1 = argmin {f(xk) + (VF(xk),x — xk)
xERnN

1 M
+ 5 (V)0 = 3 x =) + < llx = el |
= Xx — (v2f(Xk) + %Mkrkl)_1Vf(Xk), ry = ”Xk-i-l — Xk||.
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Example

Softmax: n = 200, mu = 0.001
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Cost of One lteration

o Gradient Method: x;1 = xx — axVF(xk):

Cost(VF) + O(n).

o Newton’s Method: xi1 = xx — ax[V3f(xk)] 1V F(xk):

Cost(VFf) 4 Cost(V>f) 4+ O(n?).
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Example: Small Dimension

Softmax: n = 200, mu = 0.001 Softmax: n = 200, mu = 0.001
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Example: Large dimension

Softmax: n = 1000, mu = 0.001 Softmax: n = 1000, mu = 0.001
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Summary: Gradient Method vs Newton's Method

Method Cheap iteration? Fast convergence?
Gradient Method Yes No
Newton's Method No Yes

Can we have something in between?
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Quasi-Newton Methods (Davidon, 1959; Fletcher and Powell, 1963)

Problem: min,cprn ().

Quasi-Newton iteration
X1 = Xk — auHKV F(xk),

where
Hye ~ [V2f (x)] 7L

Main question: How to update H, at each iteration?
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Secant Equation
Goal: Update
H~ [V (x)]™!  into  Hy =~ [V2f(x)]?
using the information computed at x and xy:
Vf(x) and Vi(xy).

Secant equation

Choose H such that
Hyy =4, (*)

where

0 =Xy — X, v = Vf(xy) — VF(x).

Note: (*) is satisfied by J1 for
1
J = / V2f(x + to)dt  (~ V2f(xy)).
0
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Least Change Principle

Define some distance (-, -) between two (positive definite) matrices.

Least Change Problem

"ﬂ/if{ﬁ(H’ Hy) : Hyy = 0}

H,

o {W: Wy =0}
H, J!
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Main Updating Formulas

e Davidon—Fletcher—Powell (DFP):

B Hy~yTH n 56T
(v HY) o (1,0)

e Broyden—Fletcher-Goldfarb-Shanno (BFGS):

Hv6T +0yTH (v, HY) 56T
7.9) ( . 9) “> .0y

H, = DFP~*(H,5,7) = H

H, = BFGS™Y(H,4,7) = H—

Note: Cost of each update is O(n?) (not O(n*)!). )
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Example

Softmax: n = 2000, mu = 0.001

Softmax: n = 2000, mu = 0.001
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Summary: Quasi-Newton Methods

@ Approximate Newton's Method without computing Hessian.
o Very efficient in practice.

o Can be extended to large-scale problems (L-BFGS).
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Classical Results on QN Methods

Local convergence (Broyden et al., 1973)

Suppose f is strongly convex with Lipschitz Hessian.
Consider either BFGS or DFP method with unit step sizes:

ok =1, Vk > 0.
Then, Vp € (0,1), 31,2 > 0 such that, V(xo, Hp) satisfying
o =x* <61 and  ||Ho = [V2F(x")]7*]| < b,

it holds that
[Xk+1 = x*|| < pllxk —x*[l,  Vk>0.

Moreover, the rate of convergence is superlinear:

_ *
i P =
k—o0 ||Xk—X*||
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Classical Results on QN Methods I

Global convergence (Powell, 1976; Byrd and Nocedal, 1989)

Suppose f is strongly convex with Lipschitz gradient and Hessian.
Consider BFGS method with an appropriate line search?.
Then, for any xg and Hp, it holds that

lim x, = x*.
k—00

Moreover, the rate of convergence is superlinear:

_ *
i P =l
k—o00 ||Xk—X*||

2

2One possible option is the standard backtracking line search: find the smallest
integer ix > 0 such that ax = 27' satisfies

f(Xk - OzkaVf(Xk)) S f(Xk) — Clak<Vf(Xk), Hka(Xk»

for a certain fixed constant ¢; € (0,1).
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Criticism
o Classical results are only qualitative (nonexplicit and asymptotic).

@ No concrete efficiency estimates / complexity bounds.

Example (BFGS vs DFP):

Softmax: n = 2000, mu = 0.001 Softmax: n = 2000, mu = 0.001

—<— DFP —<— DFP
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@ Classical results do not explain why BFGS is so much better.

@ Cannot use them to compare BFGS with other methods.
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Classical QN Methods

Problem: min,cprn f(x).
Convex Broyden Class (7 € [0, 1])
Broyd;*(H,d,7) = (1 — 7) BFGS™'(H,4,7) + 7 DFP*(H, ,7).

Remarks:
e Contains both BFGS (7 = 0) and DFP (7 =1).

e Can be computed in O(n?) operations.

Convex Broyden Method

Choose xp € R", Hp € S’} , . lterate for k > 0:
Q Set xx11 = xx — Hk VT (xk).
@ Compute 0k = xk+1 — xk and v, = VF(xk41) — VF(xk)-
© Update Hy 1 = Broyd—(Hx, 6k, )-
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Problem Class
© f is p-strongly convex with L-Lipschitz gradient (u, L > 0):
pl < V2F(x) < LI,  V¥xeR"
Condition number: » = ﬁ (>1).
@ f is M-strongly self-concordant (M > 0):
V2f(x) — V2f(y) = M| x — y||,V?f(w), Vx,y,z,w € R",
where ||hl|, == (V2f(2)h, h)'/2.

Remarks:
@ Strong self-concordance = self-concordance.
@+ @ < @ + Lo-Lipschitz Hessian (M = Ly/1%/?).
@ @ is an affine invariant property.

@ For quadratic functions, M = 0.
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Final Complexity Bound

Main quantity: “Starting moment of superlinear convergence”
Ko = O(ns; In(2x)), o =(1—7+ 7_%%71)71‘

Assumptions:
o Initial point x is suff. good: M||Vf(xo)[5, < max{O(>1), Koty
@ Initial Hessian approximation: Hp := %l.

Complexity bound

K(e) = min{ »In O(e_l) , Ko+ In 0(6_1)}a

Complexity of
Gradient method

iterations to produce xi such that f(xx) — * < €[f(x0) — *].
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Discussion

Method Complexity
BFGS min{3In O(e71), O(nIn(25)) +In O(e" 1)}
DFP min{3In O(e71), O(nxIn(25)) +In O(e™ 1)}

@ BFGS is almost insensitive to condition number s.

@ For s> n, its total arithmetical complexity is essentially
O(nIn(2x)) x O(n?) = O(n®In(2x)) = O(n®)

(similar to one Newton's step).

@ In contrast, for ill-conditioned problems (s > n), the superlinear
convergence of DFP may be of no practical use.
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Main Result

Local gradient norm: X\, == [V (x()[%, .

Theorem. Let Hy = %I and xp be sufficiently close to solution:

In(3/2)
Mo < 3272

where 3¢, == (1 — 7+ 753 1) "L.Then, for all k > 1, we have

Ak < fA
Mo < [B %T((2%)13”/(6k) — 1)]*21 /33 2.

max{(22) 7L, (Ko +9) 7'}, Ko == [8ns¢, In(25)],
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From Gradient Norms to Function Values

@ For self-concordant functions, we have

22(x) . 22(x)
N A v )

for any x such that MA(x) < 2, where \(x) == | Vf(x)]|%.
@ In particular, if MA(x) <1, then

IN(x) < f(x) = F* < M (x).
@ In our methods, M), <1 for all k > 0. Thus,

2 < (%e))\% = f(xx)— " <e¢[f(x)— 7]
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Change of Notation
Direct QN update: For G € §7 ,, 4,7 € R", define
Upd(G,6,7) = [Upd (G, 6,7)] .

Explicit formulas:
G6oTG n T
(Go,8) ~ (v,9)’

Gy +~407G (G, 0) T
aa e Yo
Matrix-revealing form: For G,A € S, and u € R", define

Upd(G, A, u) = Upd(G, u, Au).

BFGS(G,48,7) = G —

DFP(G,8,7) =G

Classical QN update:
1
u=x4 —x, A= / V2f(x 4 tu)dt = Au= Vf(x,)— VFf(x).
0
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Eigenvalue Property

Hereinafter, A,G € S, u € R", 7 € [0,1] are arbitrary and
Gy = Broyd, (G, A, u).

Eigenvalue property

For any &£, > 1, the following implication holds:

A< G=nA = ¢1A<GL=9A
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Quality of Approximation

Directional measure of closeness
1(G — A)ullg,

G A = T

Here [|ull = (Gu, u)Y/2, [sl|g, = (s, G71s)Y/2.

Note: If u=x; —x=—G 1Vf(x) and A= fol V2f(x + tu)dt, then

IVF(x)lle,

NG AN = I

because Au = Vf(xy) — VF(x).

Our goal: Show that v — 0 (and estimate the rate of convergence).
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Potential Function

Augmented Log-Det Barrier
For X, Y > 0, define

Y(X,Y):=—Indet Y +Indet X + (X1, Y — X),

where (U, V) = tr(UV) is the Frobenius inner product.

Remarks:

@ This is the Bregman divergence generated by d(X) = —Indet X:
P(X,Y)=d(Y)—d(X)—(Vd(X),Y —X)>0.

@ First used in (Byrd and Nocedal, 1989) for the analysis of QN methods.
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Key Result

Key result
If §_lA =< G =X nA for some £, > 1, then

w(G-HA) < w(G’A) - % In(l + 57/2)7

where ¢ = ﬁ(l -7+ Té) and v = v(G, A, u).
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Minimizing Quadratic Function

Problem

where A€ Sl | and b € R".

Main assumption: p/ < A < L/ for some p, L > 0.

Convex Broyden Method
Given xg € R", set Gp = L/, and iterate for kK > O:
Q Set X1 =Xk — Gk_IVf(xk).
@ Set Gii1 = Broyd (G, A, uk) for ug == xx11 — Xk-

Accuracy measure: A\, = [|[Vf(xq)|4.
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Linear Convergence

Bounds on Hessian approximations: A < G, =< %A, Vk > 0.

Proof: Indeed, by construction
A= Gy = LI =x(ul) < A,
and each subsequent update preserves these bounds.

Corollary (linear convergence): \; 1 < (1 — 3 1)\, Vk>0.

Proof: Recall that ux = x¢1 — xx = —G, 'V (xk). Hence,
Vi(xki1) = VF(xx) + Aug = VF(xi) — AG TV F(xk).

Therefore,

M1 = [IVFGarn) 12 = 1A = G V()2 < (127
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Superlinear Sonvergence

>\k < [% ( 13n/(6k) 1)]/(/2\/_)\07 Vk > 17

where 3¢, = 2(1 — 7+ 7271)7L.

Proof: Using the key result, we get, for any i > 0,

o(vi) = ZIn(1 + 56,07) < Y — Yiya, yy = 8L

4
where g; = [|[Vf(x)||5, and 1 = 9(G;, A) > 0. Hence,

k—1
ZQS(V,-) <o < nlnse.

By convexity of t — In(1 i:(je‘t), it follows that
"z g oz o[I1H)) =o([5])

It remains to rearrange and connect gx with Ag. O
March 13, 2023
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Nonlinear Functions

Problem: min,cprn f(x).

Convex Broyden Method
Given xp € R", set Gp = L/, and iterate for kK > O:
Q Set xki1 = xx — G 'V F(xk).
Q Set Gk+1 = BroydT(Gk,Jk, uk),
where uy = xpy1 — Xk, Jk = fol V2f(xk + tug)dt.

Main difficulty (compared to quadratic case): J, changes with k.
But locally all Hessians are close to each other:
For any x,y € R", J == fol V2f(x+t(y —x))dt, r = |ly —x|lx, z € {x,y},
(1+ Mr)"1V2f(x) = V2f(y) = (1 4+ Mr) V?f(x),
(14 IMr)"t1V2f(2) 2 J = (14 $Mr) V?f(2).
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Proof Idea

Local gradient norm: X\, == [V (x4)|%, .

Denote & = exp(/\/lz 0 1) (> 1), where i = |k,

For all kK > 1, we have

& VA (k) = Gr = (&ka0) V() &tk = G 2 (Ekr199) ks
)\k < qk\/_>\0a
A < [%k((§£k+1 )13n/ 6k) ):|k/2 /—fk%)\(),

for g := max{l — (&)L, & — 1}, sk == (L + &) (L — 7+ 76 2571 L

v

@ For a quadratic function, we had M =0 = &, = 1.

@ Goal: Prove that & < &, Vk > 0, assuming Ag is small enough.

o Suffices to prove by induction: r, < &N\ < O(p*)o) for p € (0,1)
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Conclusion

@ We finally have some complexity bounds for QN methods.
@ Theory confirms (well-known) superiority of BFGS over DFP.
o Complexity result for BFGS is very attractive:

min{ >In oYy, O(nIn(2s)) +In O(e_l)}.

. Ve
Complexity of  Start of super.
Gradient method  convergence

Still many interesting open questions:

Optimality of our results.

Choice of initial matrix (line search?).
Global complexity bounds.
Limited-memory QN methods (L-BFGS).
Application to Interior-Point methods.
Composite optimization.

Acceleration.

Thank you!
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