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Quasi-Newton methods for minimizing functions

Problem: min,crn f(x), where f : R” — R is twice differentiable with
Lipschitz and positive definite second derivative.
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Quasi-Newton methods for minimizing functions

Problem: min,crn f(x), where f : R” — R is twice differentiable with
Lipschitz and positive definite second derivative.

General quasi-Newton method

Initialize xo € R”, Hp € S7 | and iterate for k > 0:
Q Set Xk+1 = Xk — ka/(Xk).
© Update Hy into Hyy1.
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Quasi-Newton methods for minimizing functions

Problem: min,crn f(x), where f : R” — R is twice differentiable with
Lipschitz and positive definite second derivative.

General quasi-Newton method

Initialize xo € R”, Hp € S7 | and iterate for k > 0:
Q Set xx11 1= xk — Hif'(xk).
© Update Hy into Hyy1.

Denote si := xkr1 — Xk and yx := f'(xkr1) — ' (xk)-

= (sk=Hieyi) (sk—Hiyi) "
® (SRL) Mg o= Hi+ B e

H, TH T
® (DFP) Hir = Hi — o0 + ks

L sey) yies] ses)
o (BFGS) Hiyy = (’ - <ykk,si>) H <’ - <y:,si>) + Ges
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Superlinear convergence of quasi-Newton methods

Theorem (Dennis-Moré 1974, 1977)

If (xo, Ho) is sufficiently close to (x*, f”(x*)~1), then both DFP and BFGS

¥
are superlinearly convergent: w — 0.
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Superlinear convergence of quasi-Newton methods

Theorem (Dennis-Moré 1974, 1977)

If (xo, Ho) is sufficiently close to (x*, f”(x*)~1), then both DFP and BFGS

¥
are superlinearly convergent: w — 0.

Main question: Rate of convergence? O(ck”), O(ck*), O(k=X), ...?

Our goal:

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 3/12



Superlinear convergence of quasi-Newton methods

Theorem (Dennis-Moré 1974, 1977)

If (xo, Ho) is sufficiently close to (x*, f”(x*)~1), then both DFP and BFGS

¥
are superlinearly convergent: w — 0.

Main question: Rate of convergence? O(ck”), O(ck*), O(k=X), ...?

Our goal:

Present a new quasi-Newton method with an explicit superlinear rate. ‘
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BFGS update and norms

Definition (BFGS update)

For Ac ST, He€ S" and s € R, define

ssTA AssT sl
BFGS(H,A,s) = (| — H{I - .
st A9 = (1= e g ) M (- Ty ) * e

@ Here A plays the role of ”(x).

@ We want the distance between H and A~! go to zero.

Question:

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 4/12



BFGS update and norms

Definition (BFGS update)

For Ac ST, He€ S" and s € R, define

ssTA AssT sl
BFGS(H,A,s) = (| — H{I - .
st A9 = (1= e g ) M (- Ty ) * e

@ Here A plays the role of ”(x).

@ We want the distance between H and A~! go to zero.

Question: How to measure the distance between H and A=17?
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@ Introduce a pair of conjugate norms induced by A:
1 . 1 0\
Ixlla = (Ax,x)2, lyla={y,A"ly)2.
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@ Introduce a pair of conjugate norms induced by A:
1 . 1 0\
Ix[la = (Ax,x)2,  lylla = (v, A" ly)z2.
@ The corresponding operator norm in S" is

IWlla = ”nﬂaXIHW)/HA = ymax, |WAX|| 4 = Amax(WAWA)?
2 -

Explanation:
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@ Introduce a pair of conjugate norms induced by A:
1 1
Ix[la = (Ax,x)2,  lylla = (v, A" ly)z2.
@ The corresponding operator norm in S" is

IWlla = ”nﬂaXIHW)/HA = ymax, |WAX|| 4 = Amax(WAWA)?
2 -

Explanation: Consider a quadratic function
f(x) = <AX x) = *IIXIIE\-
Then the quasi-Newton step
Xier1 = xi — Hif (i) = (A7 = Hie) Axie
gives us

Ixks1lla = [(Hk = A Axiclla < [[Hi — A~ all x| a-
NB:
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@ Introduce a pair of conjugate norms induced by A:
1 1
Ix[la = (Ax,x)2,  lylla = (v, A" ly)z2.
@ The corresponding operator norm in S" is

IWlla = ”nﬂaXIHW)/HA = ymax, |WAX|| 4 = Amax(WAWA)?
2 -

Explanation: Consider a quadratic function
f(x) = <AX x) = *IIXIIE\-
Then the quasi-Newton step
Xk4+1 = Xk — kal(Xk) = (Afl — Hk)AXk
gives us
%e+1lla = [[(Hk = A7) Al < [Hi = A7 allxeLa-
NB: Sometimes the Frobenius norm is more convenient:
Wl a) := Tr(WAWA)?
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@ Introduce a pair of conjugate norms induced by A:
1 1
Ix[la = (Ax,x)2,  lylla = (v, A" ly)z2.
@ The corresponding operator norm in S" is

IWlla = ”nﬂaXIHW)/HA = ymax, |WAX|| 4 = Amax(WAWA)?
2 -

Explanation: Consider a quadratic function

f(x) = <AX x) = *IIXIIE\‘
Then the quasi-Newton step
Xpa1 = xk — Hif'(x) = (A™1 — Hy) Axg
gives us
Ixs1lla = 1(Hie — A7) Axella < [[Hi — A7 allxi .
NB: Sometimes the Frobenius norm is more convenient:
[Wlkray :== THWAWA)Z (> [[W][a = Amax( WAWA)

NI=

)-
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Progress in matrix and greedy BFGS update

Lemma (Progress in matrix for the BFGS update)
For Hy := BFGS(H, A, s), we have
IHs = A IE a) < I1H = A Y[R a) —

I(H = A)As| %

IsI1%
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Progress in matrix and greedy BFGS update

Lemma (Progress in matrix for the BFGS update)
For Hy := BFGS(H, A, s), we have

_ - I(H — A™1)As| 2
IHs = A IE a) < I1H = A Y[R a) — e
s/l
Definition (Greedy BFGS update)
Let e1,..., e, be the standard orthonormal basis in R"”. For
H— A1) Aq|2
imax(H, A) := argmax i 2) € HA,
1<i<n leilla

define

GreedyBFGS(H, A) := BFGS(H, A, e, . (1.4))-
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Progress in matrix and greedy BFGS update

Lemma (Progress in matrix for the BFGS update)
For Hy := BFGS(H, A, s), we have

_ - I(H — A™1)As| 2
IHs = A IE a) < I1H = A Y[R a) — e
s/l
Definition (Greedy BFGS update)
Let e1,..., e, be the standard orthonormal basis in R"”. For
H— A1) Aq|2
imax(H, A) := argmax i 2) € HA,
1<i<n leilla

define

GreedyBFGS(H, A) := BFGS(H, A, e, . (1.4))-

@ Makes the maximal progress keeping the update cost relatively small.
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Main property of greedy BFGS update

Lemma (Linear convergence in matrix)

For H := GreedyBFGS(H, A), we have
IHy — A lpay < (1= p(ANIH = A lera)s
where p(A) is the coordinate condition number of A:
(A) = Amin(A)
P = 5T A)
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Main property of greedy BFGS update

Lemma (Linear convergence in matrix)

For H, := GreedyBFGS(H, A), we have
IHy — A lpay < (1= p(ANIH = A lera)s
where p(A) is the coordinate condition number of A:
(A) = Amin(A)
P = 5T A)

o Follows from lower bounding the maximum by the expectation when f

.12
is chosen randomly with probability 7; := 1‘:&%
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Main property of greedy BFGS update

Lemma (Linear convergence in matrix)

For H, := GreedyBFGS(H, A), we have
IHy — A lpay < (1= p(ANIH = A lera)s
where p(A) is the coordinate condition number of A:
(A) = Amin(A)
P = 5T A)

o Follows from lower bounding the maximum by the expectation when f

.12
is chosen randomly with probability 7; := 1‘:&%

@ The randomized version was first proposed in [Gower-Richtarik 2016].
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Convergence on quadratic function

Let f be quadratic with f”(x) = A.
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Convergence on quadratic function

Let f be quadratic with f”(x) = A.
e Denote ry := ||xx — x*||a, ok := |Hk = A" |kra). 0 := p(A).

o We already saw that k—1
rk+1 < Oklk = Mk < roHO’i-
i=0

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 8/12



Convergence on quadratic function

Let f be quadratic with f”(x) = A.

e Denote ry := ||xx — x*||a, ok := |Hk = A" |kra). 0 := p(A).
o We already saw that k—1
re+1 < Okl = rkSrQHO‘,'.
i=0

@ From the previous slide,
o <(L—plox = ok <(1-p)roo.
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Convergence on quadratic function

Let f be quadratic with f”(x) = A.

e Denote ry := ||xx — x*||a, ok := |Hk = A" |kra). 0 := p(A).
o We already saw that k—1
re+1 < Okl = rkSI’QHO‘,'.

@ From the previous slide,
o <(L—plox = ok <(1-p)roo.

o Thus, ko1 | i
re < ro [J((1 = p)oo) = o§(1 — p)* ro.
=0
Conclusion:
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Convergence on quadratic function

Let f be quadratic with f”(x) = A.

e Denote ry := ||xx — x*||a, ok := |Hk = A" |kra). 0 := p(A).
o We already saw that k—1
re+1 < Okl = rkSI’QHO‘,'.

@ From the previous slide,
k1 <(L=plox = ok <(1-p)oo.
@ Thus, k-1

re< o [J(@ = p)oo) = (1 — p) " ro.
i=0

Conclusion: If oo < 1, we have the O((1 — p)°) superlinear rate.
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Convergence on quadratic function

Let f be quadratic with f”(x) = A.

e Denote ry := ||xx — x*||a, ok := |Hk = A" |kra). 0 := p(A).
o We already saw that k=1

rke1 < Okl = rg < foHO’i-

i=0
@ From the previous slide, I
ok+1 < (1 —p)ok = ok < (1 - p)~oy.

@ Thus, k-1 . )

re < ro [J((1 = p)oo) = o§(1 — p)* ro.

i=0

Conclusion: If oy < 1, we have the O((1 — p)¥*) superlinear rate.

Can we expect similar results when f is general nonlinear?
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GreedyBFGS method

Problem: min,crn f(x).

GreedyBFGS method for minimizing functions
Initialize xop € R", Hy € S” and iterate for kK > 0:
@ Set xx11 1= xx — Hif'(xx)
Q Set Hyi1 := GreedyBFGS(Hy, " (xk+1)).

NB: A := f"(xx11) changes at every iteration.
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General nonlinear functions

Main assumption: (Lipschitz continuity of f” relative to x*)
1F7(x) = £ ey -1 < Lllx = x| ey

Lemma (Progress of one step of GreedyBFGS)

For r := %||xk — X*||gn(xey and oy = [|[Hi — £ (xi) " HlEe(F7(x)), We have
3
(1—|—I‘k)5 3\/1+rk

e

<
N ST TR W ey Rl (R Y% W e

1-— 2rk+1 1 -+ 2rk+1 2\/ﬁ
<(1-
"k“—( 1+ 2n.17%) 1 2n Tkt T o,

I + rey1)-

Simplification:
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General nonlinear functions

Main assumption: (Lipschitz continuity of f” relative to x*)
1F7(x) = £ ey -1 < Lllx = x| ey

Lemma (Progress of one step of GreedyBFGS)

For r := %||xk — X*||gn(xey and oy = [|[Hi — £ (xi) " HlEe(F7(x)), We have
L (1+r)2 3VITr
o
L= 1 - 2n) VI -

1-— 2rk+1 > 1 -+ 2rk+1 2\/ﬁ
o <(1- ok +
k+1 > ( 1 +2rk+1 Pk

Simplification: Assuming ry is sufficiently small and o9 < 1, we get
Mk+1 < Okl,

=
k1 < (1 —p)ok
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General nonlinear functions

Main assumption: (Lipschitz continuity of f” relative to x*)
1F7(x) = £ ey -1 < Lllx = x| ey

Lemma (Progress of one step of GreedyBFGS)

For r := %||xk — X*||gn(xey and oy = [|[Hi — £ (xi) " HlEe(F7(x)), We have
3
(1—|—I‘k)5 3\/1+rk 2
M1 < Okrk + s
(1 — 2I’k)\/1 — Ik (1 — 2rk)\/1 — Ik
1-— 2rk+1 1 -+ 2rk+1 2\/ﬁ
<|(1-— .
Ot1 < ( 1+2rk+1pk> T—or, kTt 1_2rk(rk+fk+1)
Simplification: Assuming ry is sufficiently small and g < 1, we get
2
rep1 < Ok, e < (1=p)ro
ok+1 < (1= p)ok ok < (1-p)~.
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Convergence of GreedyBFGS

Theorem (Local superlinear convergence of GreedyBFGS)

If o <7 andog <0.5, where r := 2% for ¢ := 0.02, then
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Convergence of GreedyBFGS

Theorem (Local superlinear convergence of GreedyBFGS)

If o <7 andog <0.5, where r := 2% for ¢ := 0.02, then
0 k(k+1)
<(i-3) °
re = > o
p\k1
< (1 _ —) =
k=\""2) 2 ]
Reminder:
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Convergence of GreedyBFGS

Theorem (Local superlinear convergence of GreedyBFGS)

If o <7 andog <0.5, where r := 2% for ¢ := 0.02, then

k(k+1)

Reminder: For quadratic f, we had
k2
r S (]. — ,0) h
ox < (1-p)k.
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Conclusion

@ New quasi-Newton method for minimizing nonlinear functions.
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Conclusion

@ New quasi-Newton method for minimizing nonlinear functions.

@ It uses the classic BFGS rule with greedily selected direction.
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Conclusion

@ New quasi-Newton method for minimizing nonlinear functions.
@ It uses the classic BFGS rule with greedily selected direction.

o Explicit O((1 — p)**) superlinear convergence rate.

Thank youl
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Bad initial matrix

What to do if og := HHO — f”(XO)iluFr(f”(xo)) > %7
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Bad initial matrix

What to do if gg := HHO - f”(XO)iluFr(f”(xo)) > %7 (Usually Hy = /.)

Ildea:
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Bad initial matrix

What to do if gg := HHO - f”(XO)iluFr(f”(xo)) > %7 (Usually Hy = /.)

Idea: Successively improve H, while not going to far away from x*.
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Bad initial matrix

What to do if gg := HHQ - f”(XO)iluFr(f”(xo)) > %7 (Usually Hy = /.)

Idea: Successively improve H, while not going to far away from x*.

GreedyBFGS-II

Initialize xp € R", Hy € S” and iterate for kK > 0:
O (Backtracking) Find smallest ji > 0: f(xix — 2 7% Hyef'(xi)) < f(xk).
Q Set xpy1 := xx — 2 Hyf'(xk).
© Set Hyy1 := GreedyBFGS(H, " (xk+1)).
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Convergence of GreedyBFGS-I|

Theorem (Local superlinear convergence of GreedyBFGS-II)

Suppose %”X = x| gy < F for all Li(x0) := {x : f(x) < f(x0)}, and let
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Convergence of GreedyBFGS-I|

Theorem (Local superlinear convergence of GreedyBFGS-II)
Suppose %”X = x| gy < F for all Li(x0) := {x : f(x) < f(x0)}, and let
0 ifoo <4

To = L .
2p~"In(500) otherwise.

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 12 /12



Convergence of GreedyBFGS-I|

Theorem (Local superlinear convergence of GreedyBFGS-II)

Suppose %”X = x| gy < F for all Li(x0) := {x : f(x) < f(x0)}, and let
. 1
To — 0 IfO'o Si
2p"YIn(500) otherwise.
Then for § := 1_8150C =02and b:=1-— 1§‘§C = 0.8333..., we have
re < T,
" 0<k< Ty
ok <6+ (1—bp)“(co —9)
and
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Convergence of GreedyBFGS-I|

Theorem (Local superlinear convergence of GreedyBFGS-II)

Suppose %”X = x| gy < F for all Li(x0) := {x : f(x) < f(x0)}, and let
. 1
To — 0 IfO'o Si
2p~tIn(500) otherwise.
Then for § := 1_8150C =02and b:=1-— 1§‘§C = 0.8333..., we have
re <r,
" 0<k< Ty
ok <6+ (1—bp)“(co —9)
and
Kk(k+1)
Ik < <1 - B) ’ _7
2 k> To
< (1 - —)kl
Ok 5 |
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Computing the update

For doing the GreedyBFGS update, we need to compute

H— A1) Aej||3
imax(H, A) = argmax IC 2) ¢illa
1<i<n il %
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Computing the update

For doing the GreedyBFGS update, we need to compute

H— A1) Aej||3
imax(H, A) = argmax IC JAeil2

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)
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Computing the update

For doing the GreedyBFGS update, we need to compute

H— A1) Aej||3
imax(H, A) = argmax IC JAeil2

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
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Computing the update

For doing the GreedyBFGS update, we need to compute
I(H = A~)Aei|Z

imax(H, A) = argmax

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
AH-AHYAH-AHA=
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Computing the update

For doing the GreedyBFGS update, we need to compute
I(H = A~)Aei|Z

imax(H, A) = argmax

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
AH— A HA(H — A 1A = AHAHA — 2AHA + A.

Fact: For My, M, € R"™", diagonal of M; M, can be computed in O(n?):
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Computing the update

For doing the GreedyBFGS update, we need to compute
I(H = A~)Aei|Z

imax(H, A) = argmax

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
AH— A HA(H — A 1A = AHAHA — 2AHA + A.

Fact: For My, M, € R"™", diagonal of M; M, can be computed in O(n?):
<M1M26,', e,-> = <M1Te,', Mge,'>, 1<i<n.

Conclusion:
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Computing the update

For doing the GreedyBFGS update, we need to compute
I(H = A~)Aei|Z

imax(H, A) = argmax

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
AH— A HA(H — A 1A = AHAHA — 2AHA + A.

Fact: For My, M, € R"™", diagonal of M; M, can be computed in O(n?):
<M1M26,', e,-> = <M1Te,', Mge,'>, 1<i<n.

Conclusion: It suffices to keep track of 3 matrices: A, AH and AHA.
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Computing the update

For doing the GreedyBFGS update, we need to compute
I(H = A~)Aei|Z

imax(H, A) = argmax

12i<n leilla
_ a1 _ a1 . a
_ argmax (A(H—A")A(H — A7) Aej, &)
1<i<n (Aei, ej)

@ Need to compute the diagonal of A and
AH— A HA(H — A 1A = AHAHA — 2AHA + A.

Fact: For My, M, € R"™", diagonal of M; M, can be computed in O(n?):
<M1M26,', e,-> = <M1Te,', Mge,'>, 1<i<n.

Conclusion: It suffices to keep track of 3 matrices: A, AH and AHA.
(Note that AHAHA = AHA(AH)T))
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 12 /12



Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.
e Rank-1 update of H: If H, := H+ ~yw', then
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.
e Rank-1 update of H: If H,. := H +~w ', then for z := Av,
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".
e Addition of identity to A: If A, := A+ v/, then
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".

e Addition of identity to A: If A, := A+ v/, then
ALH=AH+~H,

AL HA, = AHA + ~v(AH + (AH)T) + 42H.
e Rank-1 update of A: If A, := A+~w/, then
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".

e Addition of identity to A: If A, := A+ v/, then
ALH=AH+~H,

AL HA, = AHA + ~v(AH + (AH)T) + 42H.
o Rank-1 update of A: If A, .= A+~w/, then for z :== Hv, q .= Az,
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".
e Addition of identity to A: If A, := A+ v/, then
Ay H = AH +~H,
AL HA, = AHA + ~v(AH + (AH)T) + 42H.

o Rank-1 update of A: If A, .= A+~w/, then for z :== Hv, q .= Az,
AyH=AH + vz,

A HAL = AHA+~v(vgT + qvT) + 42 (v, 2)w .

Complexity of each update:
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Updating auxiliary matrices

Auxiliary matrices: A, AH, AHA.

o Rank-1 update of H: If Hy := H 4+ ~yw ', then for z := Av,
AHy = AH +~yzv T,

AH, A = AHA + ~zz".
e Addition of identity to A: If A, := A+ v/, then
Ay H = AH +~H,
AL HA, = AHA + ~v(AH + (AH)T) + 42H.

o Rank-1 update of A: If A, .= A+~w/, then for z :== Hv, q .= Az,
AyH=AH + vz,

A HAL = AHA+~v(vgT + qvT) + 42 (v, 2)w .

Complexity of each update: O(n?).
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Example 1: Sparse quadratic

Let f be a strictly convex quadratic function
1
f(X) = §<AXaX> + <b7 X>7

where A € ST, has at most p non-zeros in each column.
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Example 1: Sparse quadratic

Let f be a strictly convex quadratic function
1
f(X) = §<AXaX> + <b7 X>7

where A € ST, has at most p non-zeros in each column.
Auxiliary matrices: A, AH, AHA.

Initialization:
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Example 1: Sparse quadratic

Let f be a strictly convex quadratic function
1
f(X) = §<AXaX> + <b7 X>7

where A € ST, has at most p non-zeros in each column.
Auxiliary matrices: A, AH, AHA.

Initialization: Hy =1 =
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Example 1: Sparse quadratic

Let f be a strictly convex quadratic function
1
f(X) = §<AXaX> + <b7 X>7
where A € ST, has at most p non-zeros in each column.

Auxiliary matrices: A, AH, AHA.
Initialization: Hy:=/ = need to compute AHyA = A2.

Fact:
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Example 1: Sparse quadratic

Let f be a strictly convex quadratic function
1
f(X) = §<AXaX> + <b7 X>7
where A € ST, has at most p non-zeros in each column.

Auxiliary matrices: A, AH, AHA.
Initialization: Hy:=/ = need to compute AHyA = A2.

Fact: A2 contains < np? non-zeros and can be computed in O(np? + n?).

Anton Rodomanov (UCLouvain) Greedy Quasi-Newton Method EUROPT 2019 12 /12



Example 2: Sparse cubically regularized quadratic

Now consider ) 8
F(x) = 5{Qx,x) + (b, x) + §||X||37
where 8 > 0, @ is sparse with at most p non-zeros in each column.
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Example 2: Sparse cubically regularized quadratic

Now consider

1
Flx) 2= 5(Q ) + (b,x) + 2P,
where 8 > 0, Q is sparse with at most p non- zeros in each column. Here

A=f"(x)=Q + Bx||l + WXXT

Initialization
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Example 2: Sparse cubically regularized quadratic

Now consider ) 8
F(x) = 5{Qx,x) + (b, x) + §||X||37
where 8 > 0, Q is sparse with at most p non- zeros in each column. Here
A=f"(x)=Q+ B|x||I + WXXT
Initialization (cost O(np? 4 n?)):
@ Set Hy:= I, A:= Q and compute AHgA = Q? (previous slide).
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Example 2: Sparse cubically regularized quadratic

Now consider ) 8
F(x) = 5{Qx,x) + (b, x) + §||X||37
where 8 > 0, Q is sparse with at most p non- zeros in each column. Here

A=f"(x)=Q+ B|x|ll + WXXT
Initialization (cost O(np? 4 n?)):
@ Set Hy:= I, A:= Q and compute AHgA = Q? (previous slide).
@ Apply A:= A+ f||xol|// and A:= A+ ”:%”XOXOT.

Update
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Example 2: Sparse cubically regularized quadratic

Now consider

Flx) 2= 5(Q ) + (b,x) + 2P,
where 5 > 0, Q is sparse with at most p non-zeros in each column. Here
A=f"(x)=Q + Bx||l + HXBHXXT.
Initialization (cost O(np? 4 n?)):
@ Set Hy:= I, A:= Q and compute AHgA = Q? (previous slide).
@ Apply A:= A+ f||xol|// and A:= A+ ”:%”XOXOT.
Update (cost O(n?)):
@ Apply two rank-1 updates for H (BFGS update).
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Example 2: Sparse cubically regularized quadratic

Now consider

Flx) 2= 5(Q ) + (b,x) + 2P,
where 5 > 0, Q is sparse with at most p non-zeros in each column. Here
A=f"(x)=Q + Bx||l + HXBHXXT.
Initialization (cost O(np? 4 n?)):
@ Set Hy:= I, A:= Q and compute AHgA = Q? (previous slide).
@ Apply A:= A+ f||xol|// and A:= A+ ”:%”XOXOT.
Update (cost O(n?)):
@ Apply two rank-1 updates for H (BFGS update).
@ Apply A:= A+ B([[xer1ll = [Ix«ll)-
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Example 2: Sparse cubically regularized quadratic

Now consider

1
Flx) 2= 5(Q ) + (b,x) + 2P,
where 8 > 0, Q is sparse with at most p non- zeros in each column. Here

A=f(x)=Q+ x|l + HXXT

Initialization (cost O(np? 4 n?)):

@ Set Hy:= I, A:= Q and compute AHgA = Q? (previous slide).

@ Apply A:= A+ f||xol|// and A:= A+ ”:%”XOXOT.
Update (cost O(n?)):

@ Apply two rank-1 updates for H (BFGS update).

@ Apply A:=A+ 5(||Xk+1|| - HXk||)

Q Apply A:=A+ ”Xk ||xk+1xk+1 and A= A— xkx,;r

Al
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