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OPTIMIZATION IN MACHINE LEARNING

@ Need to solve an /-regularized empirical risk minimization problem:

N
i, [P0 £ 52w+ 3 1w

weRDP
with A > 0.
e E.g, logistic regression:
fi(w) :=1In(1 + exp(-y;w'x;))
@ Assumptions:

o all f; are twice continuously differentiable and convex
o The Hessians V2 f; satisfy the Lipschitz condition:

|V fi(w) -V fi(w)|, < Mw-ul,,  VYw,ueR”.
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MOTIVATION

Assume N is very large and D is small/moderate.

Use methods whose iteration cost does not depend on V.

They are called incremental methods [Bertsekas, 2011].

All of them have either a sublinear or linear rate of convergence.

We are interested in a very small error (say, le-8 or smaller).

Goal: an incremental method with a superlinear rate of convergence.

& sublinear

log(residual)

superlinear

iteration

A. Ropomanov, D. KroroTov MEeTHOD NIM SOLNECHNOGORSK, 2015



NIM: A NEWTON-TYPE INCREMENTAL METHOD

@ Quadratic model of f; with the center at v?:
1
(W) = [+ VS (V)T (wvE) o (wvB) PR (v (wovh).
@ Model of the full function F"

N
QH(w) = S ab(w) + 5 w2

1
N i=1
@ Iteration:
o Choose a number iy € {1,...,N}.
o Update only one component: vfk =wy, vi=vElizi.
o Find the model’s minimum: Wy, := argming zo Q*(w).
o Make a step in the direction of the model’s minimum:

Wil = Wi + o (Wg — W),

where o, > 0 is the step length.
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[LLUSTRATION
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MINIMIZATION OF THE MODEL

@ Minimum of the model:

wy, = (Hy + A1) "' (p, — 81),
where

Hom Y TR0, s £ SR g Y 9AG
NZ 7 kNi:l D kN= o

e Update using the “add-subtract” principle:
1 -
H,=H;_ + N (V2 i (Wi) = V2 [, (ka h),

1
szpk—l"'N(V flk(wk)wk_v fzk(v )V )a
1 -
gr=8k-1Tt N (Vflk(wk) - Vfik(vi‘ck 1)) >
where iy, € {1,..., N} is the number of the component to update.

e Iteration complexity: O(D?) to solve the linear system.
o Memory: O(N D + D?) for storing Hy, and all v¥.
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THE ALGORITHM

NIM: A NEWTON-TYPE INCREMENTAL METHOD

Require: w € R”: initial point; K € N: number of iterations.

1: Initialize: H < 0P*P; p < 0”; g « 07; v; < undefined, i =1,..., N

2: fork=0,1,2,..., K —1do

3: Choose an index (cyclic order): ¢ <~ kmod N +1

4; Update the average Hessian, scaled center and gradient:
H < H + (1/N)[V* fi(w) = V* fi(vi)]
p < p+ (1/N)[V?fi(w)w - V* f;(vi)vi]
g < g+ (/N)[Vfi(w)-Vfi(vi)]

5 Move the ith center: v; « w

6: Find the model’s minimum: w « (H + \I)"!(p - g)

7 Make a step: w « w + a(w — w) for some o > 0

8: end for

9: return w

Assume no subtraction is performed when v; = undefined.
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EFFICIENT MODIFICATION FOR LINEAR MODELS

o Linear models: f;(w) := ¢;(x] w) for some x; € R”
o The gradients and Hessians have a special structure:
Vfi(w) = ¢(x] w)xi,
V2 fi(w) = o (x] w)xix].

o Instead of vf we can store only the dot produts:
k= xiva.
@ No need for solving the linear system, update By, := (Hj, + \I) !

) T
B -B. . _ OrBr-1xi,x; Bi
k=Bi1

N"'(SkX;—kBk—lXik ’
where 0, := ¢; (ufk) -9 (,ufk‘l).

Iteration complexity: O( D?) instead of O(D?).
Memory: O(N + D?) instead of O(N D + D?).
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RATE OF CONVERGENCE

THEOREM (LOCAL RATE OF CONVERGENCE)

@ Let all the centers be initialized close enough to the optimum w.:
2\

HV? _W*Hz s

MVN'

o Assume the unit step length oy, = 1 is used.

Then {wy,} converges to w, at an R-superlinear rate:

Wi — Wl <rp and lim el 0.
k—oo Tk)

Moreover, {wy,} also has an N -step R-quadratic rate of convergence:

M
rk+N£ﬁr%, k=2N,2N +1,....
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THEORETICAL COMPARISON WITH OTHER METHODS

Function: F'(w) := (1/N) Zz]'\:fl di(x[w) + (A/2) kug

Method | Iteration cost | Memory I'{ate (ff convergence
In iterations | In epochs
SGD O(D) O(D) Sublinear | Sublinear
SAG O(D) O(N + D) Linear Linear
NIM O(D?) O(N + D?) | Superlinear | Quadratic
Notation:

e N = number of functions;

@ D = number of variables;

@ One epoch = N iterations.

@ SGD = stochastic gradient method.

@ SAG = stochastic average gradient of [Schmidt et al., 2013].
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EXPERIMENTAL EVALUATION: MODERATE N

@ Objective: /5-regularized logistic regression.
o Dataset quantum (25 MB; N = 50000, D = 65):
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EXPERIMENTAL EVALUATION: COMPARISON WITH SFO

@ Datasets a9a (N = 32561, D = 125) and covtype (N = 581012, D = 54).
@ Compare with SFO [Sohl-Dickstein et al., 2014]:

ective residual
objective residual
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EXPERIMENTAL EVALUATION: BIG DATA #1

@ Dataset mnist8m (47 GB; N = 8100000, D = 784):
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EXPERIMENTAL EVALUATION: BIG DATA #2

@ Dataset dnal8m (107 GB; N = 18000000, D = 800):
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CONCLUSION AND DISCUSSION

New incremental second-order Newton-type method.
Superlinear rate of convergence.
Can be efficiently applied for linear models.

Works better than other methods for a small number of variables.

Does not work for problems with a lot of variables.
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