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Consider the composite optimization problem: Algorithm Universal Stochastic Gradient Method (USGM) Algorithm Universal Stochastic Fast Gradient Method (USFGM)

F*:= min [F(x) = f(x)+v¢(x)], (P)|  Initialize: x, € dom¢, D >0, Hy = 0, go = g(xo, o). Initialize: xo = vy € dom), D > 0, Hy = Ay = 0.

S - for k=0,1,... do for k=0,1,... do
where f: R” — R and ¢: R” — R U {400} are convex, 9 is simple. Xpr1 = argminx{<gk,x> + (x) + %HX _ Xk||2}, g1 = 8(Xkx1, Ekgr)- a1 =k+1, A= Ak + apg.
Assumptions: (||-|| is a Euclidean norm, v € [0, 1]) Heot = Hi A [Be1— szrkﬂh with 4 fet = b1 = il Yk = A/k\ilxk - Ak, g, = &(yk, &)
Holder smoothness: ||V (x) — VFf(y)|l« < L.||x — y||”, Vx,y € dom . D 2rin Bt = (8hs1 — 8k X1 — X)- Vier1 = argmin {ak1[(g), x) + v(x)] + Z[lx — v} * k
. . L A | +1 X
Unbiased stochastic oracle: J,g[g(x £)] = V£(x), Vx € dom . Theorem: For any k > 1 and %, — %25;1)(/’ e have Xkl = 25Xk + 72 Vi1, B = g(i(k_|_1, £8i1).
Bounded variance: Ee[g(x, ¢) — VF(x)|[2] < 02, ¥x € dom ¢ E(R _ Fr < g SO 40D Hin = ot B bl g ¢ 207 o0
Goal: Develop methods that can solve (P) without knowing v/, L, and o. 1A (%] - Vg[]o 0o R S |
We do so assuming additionally dom v is bounded with known diameter: It suffices to make O |r[1f ][L | D2 4 2692) oracle calls to reach e-accuracy. Theorem: For any k > 1, it holds that
vel0,1 1+v
Bounded domain: ||x — y|| < D, Vx,y € dom . F ()] — F* < inf 32LV1D3 I 8(7D.
~oue0l] k3 v 3k
Note: Asm. 4 can always be ensured with D = 2Ry whenever we know Main Idea and Outline of Analysis L D\ 2p
Ry > |lxo — x*|| by replacing (P) with F* = min[f(x) + ¥p(x)], where It suffices to make O(yg[]ofl][ ]1+3 - ) oracle calls to reach e-accuracy.
Yp = ¥ + Indg, with By = {x : ||[x — xo|| < Ry} m Opt. condition for xi,1 gives (for dx = ||xx — x*||, ki1 = [[xke1 — x«||)
F(xk) + {8k Xks1 — Xk) + Y(Xiq1) + Bergyq + dek+1 Experiments

Classical Universal Gradient Methods (UGMs)

< F(x) + (gh, X" — xi) + (x*) + Zedf.
7 BV _ - bi(aj,x)
UGM (Nesterov 2015): xii; = argmin{(V£(x.), x) + ¥(x) + %HX x| Use E¢, [f(xk) + (gk, x* — xk)] =F(xk) + (VF(xk), x* — xx) < f(x*) to get Least squares: min Z||Ax — b||*. Logistic regression: min E In(1+ e~ ).

Ix]<1° Ixl<1j=1

Hi Hi Hy 2
. . X . . | F, + Zkd i —d -+ — —kr
where H, is found by line search to satisfy the following condition: [l + 53 kH] < E[5d + Oe = Frical > AccelGad | AdiGred | - SGD - USFGM - Usem < UniGre

here F, :F(X )—F*, 5/( 1:f(Xk 1)—f(Xk)—<gk Xk 1—Xk>.
f < f 1 (Vf . ﬂ . 2 4 € W k+1 k+1 — - y Xk+
(Xit1) D)+ {VF (X6, X1 = xe) + 2 X1 = 2 m o make di-terms telescope, require that H, < H,_.1 and estimate

Efficiency bound: O( inf [2]t7R2) iterations to reach F(x F* <€, i o .
d ( €[0, 1][ ! ) ( k) B 4”[Fk+1 | szﬂd/%ﬂ} < Ik _%d/%JrﬁkH _%rlgﬂ | HkHz delgﬂ}

where Ry = ||xg — x*|| and x; is the iterate with the smallest value of F. e o Heoi 9 >
< E |3k + Bk — =52 ncq + (Hea — He) D ]

Accelerated version (Nesterov 2015): O( inf [“2—]5wR?). o |
m Main idea: balance the two error terms by choosmg Hy_1 from equation I IR

vel0,1]
Main problem: UGMs do not work properly with the stochastic oracle. A

(Hir1 — Hk)D2 — [5k+1 szﬂrlgﬂhv (*)
where ;.1 is such that [ Bri1] < 43[5Ak+1] (see Alg. for explicit solution

AdaGrad Methods
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Oracle calls Oracle calls
(a) Least-square, diabetes. (b) Logistic regression, ala. (c) Logistic regression, ionosphere.

Neural network training:

| < _ ) —F. (5 | Y Yoo )
Suppose that 1) = Indg for a simple convex set Q. and note that [i1 < <HVf(Xk+1) g’;j X1~ Xk el Bkl ). W
| = We thus get E[Fi.q + 52d; ] < E[Fd;.; + 2(Hkr1 — Hk)D?], and so £ ;.
AdaGrad (McMahan and Streeter 2010; Duchi et al. 2011): (gx = g(x«, &) | QE[H]D ; 1 :
_ 5 CF(x)] — F*<E kzl . F] k RE S
Xkl — PI’OJQ(Xk — hkgk)a hk — \/ > > _ ' Epochs : Epochs
2ioll&il: = To estimate growth rate of Hy, we first estimate 3-layer fully connected on MNIST ResNet18 on CIFAR-10
Convergence rate (Levy et al. 2018): If Vf(x*) = 0, then 1
5 (Levy ) VD (L L)D 5 B = (VF(xkr1) — VFOu) + Dpot, xep1 — xu) < Lrp V- op i1,
0 1 o
[ (x)] — FF < O min , | , where Ay = 051 — 0k, 0k = gk— VI (xk), ok=||Ak||+ (note: E[oz] < 2052). References
Vk &k Vk L . o .
o | Substituting this into (*) gives the following recurrence:
where MO and Ll are the LlpSChltZ constants Of f and Vf, reSpeCtlvely. e : J. Duchi, E. Hazan, and Y. Singer. Adaptive subgradient methods for online learning and stochastic optimization.
. : _ : 1—v)LLv
UanGrad (KaVIS et al 2019) Accelerated version Of AdaGrad (Hk—|—1 o Hk)D2 S ( Vl)i_u I Zl/:;ll A. Kavis, K. Y. Levy, F. Bach, and V. Cevher. UniXGrad: A Universal, Adaptive Algorithm with Optimal Guarantees for Constrained
accumulating ||gi1 — gi]|2 instead of ||g;||2. Convergence rate: Fi Optimization.
] ] k 2y 1 K. Y. Levy, A. Yurtsever, and V. Cevher. Online Adaptive Methods, Universality and Acceleration.
(MDD L,D? oD lts solution is H, < O(D1 Vk 7+ (Z, 105) ) SO
O mln{ ] k2 } . H. B. McMahan and M. Streeter. Adaptive Bound Optimization for Online Convex Optimization.
\/E \/E <1Z[Hk] S O (Dl yk 2 —I_ J\/E) . Y. Nesterov. Universal gradient methods for convex optimization problems.
Question: Do AdaGrad methods work for the entire Holder class?




