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Problem Formulation

Consider the composite optimization problem:

F ∗ := min
x∈domψ

[
F (x) := f (x) + ψ(x)

]
, (P)

where f : Rd → R and ψ : Rd → R ∪ {+∞} are convex, ψ is simple.

Assumptions: (∥·∥ is a Euclidean norm, ∥·∥∗ is its dual)
1 f is (δf , Lf )-approximately smooth with components (f̄ , ḡ).

2 Stochastic oracle (SO) ĝ = g(x , ξ): Eξ[g(x , ξ)] = ḡ(x).

3 Either σ2 := supx∈domψ Varĝ(x) <∞, or the variance of ĝ is
(δĝ , Lĝ)-approximately smooth w.r.t. f and σ2∗ := Varĝ(x

∗) <∞
(where Varĝ(x) := Eξ[∥g(x , ξ)− ḡ(x)∥2∗]).

Goal: Develop methods for (P) without knowing any of these parameters.

We do so assuming additionally domψ is bounded with known diameter:

4 Bounded domain: ∥x − y∥ ≤ D, ∀x , y ∈ domψ.

Note: Asm. 4 can always be ensured with D = 2R0 whenever we know
R0 ≥ ∥x0 − x∗∥ by restricting ψ onto the R0-ball around x0.

Approximate Lipschitz Smoothness of Function

Definition (Devolder et al. 2013): f is called (δf , Lf )-approximately
smooth with components (f̄ , ḡ) if, for any x , y ∈ Rd ,

0 ≤
[
βf ,f̄ ,ḡ(x , y) := f (y)− f̄ (x)− ⟨ḡ(x), y − x⟩

]
≤ Lf

2
∥y − x∥2 + δf .

Examples:

f is L-smooth ⇐⇒ (f̄ , ḡ) = (f ,∇f ) with Lf = L, δf = 0

f is (ν,Hν)-Hölder smooth (∥∇f (x)−∇f (y)∥∗ ≤ Hf (ν)∥x − y∥ν, ∀x , y)
=⇒ (f̄ , ḡ) = (f ,∇f ) with Lf = [ 1−ν

2(1+ν)δf
]
1−ν
1+ν [Hf (ν)]

2
1+ν and any δf > 0.

ϕ(x) ≤ f (x) ≤ ϕ(x) + δ, ∀x , with L-smooth ϕ =⇒ (f̄ , ḡ) = (ϕ,∇ϕ) with
Lf = L, δf = δ.

f (x) = maxuΨ(x , u) with str. concave Ψ, ū(x) ≈δ argmaxuΨ(x , u) =⇒
f̄ (x) = Ψ(x , ū(x)), ḡ(x) = ∇uΨ(x , ū(x)) with δf = δ.

Approximate Lipschitz Smoothness of Variance

Definition (new): Variance of ĝ is (δĝ , Lĝ)-approximately smooth w.r.t. f :

Eξ[∥[g(x , ξ)− g(y , ξ)]− [ḡ(x)− ḡ(y)]∥2∗] ≤ 2Lĝ [βf ,f̄ ,ḡ(x , y) + δĝ ].

c.f.: ∥∇f (x)−∇f (y)∥2∗ ≤ 2L[f (y)− f (x)− ⟨∇f (x), y − x⟩].
Main example: f (x) = Eξ[fξ(x)], where each fξ is convex and
(δξ, Lξ)-approx. smooth with components (f̄ξ, ḡξ). Then, g(x , ξ) = ḡξ(x)
satisfies the variance condition with f̄ (x) = Eξ[f̄ξ(x)], ḡ(x) = Eξ[ḡξ(x)], and
Lĝ = Lmax, δĝ = Eξ[δξ], where Lmax := supξ Lξ.

Another example: σ2-bounded variance =⇒ Lĝ =
2σ2

δĝ
for any δĝ > 0.

Note: If ĝb is the mini-batch version of ĝ of size b, then Lĝb =
1
bLĝ , δĝb = δĝ .

Universal SGD

Algorithm UniSgdĝ ,ψ(x0,N ;D,M0 = 0)

g0 ∼= ĝ(x0).
for k = 0, . . . ,N − 1 do

xk+1 = Proxψ(xk, gk,Mk), gk+1 ∼= ĝ(xk+1).

Mk+1 =
√

M2
k +

1
D2∥gk+1 − gk∥2∗.

return (x̄N, xN,MN), where x̄N := 1
N

∑N
i=1 xi .

Universal Fast SGD

Algorithm UniFastSgdĝ ,ψ(x0;D)

v0 = x0, M0 = A0 = 0.
for k = 0, 1, . . . do

ak+1 =
1
2(k + 1), Ak+1 = Ak + ak+1.

yk =
Ak

Ak+1
xk +

ak+1
Ak+1

vk, gyk
∼= ĝ(yk).

vk+1 = Proxψ(vk, gyk,
Mk

ak+1
).

xk+1 =
Ak

Ak+1
xk +

ak+1
Ak+1

vk+1, gxk+1
∼= ĝ(xk+1).

Mk+1 =

√
M2

k +
a2k+1
D2 ∥gxk+1 − gyk∥2∗.

vk yk xk

xk+1

vk+1

Convergence Rates

Method Convergence rate SO complexity

UniSgd LfD
2

k + δf + min
{
σD√
k
, σ∗D√

k
+

LĝD
2

k + δĝ
}

k

UniFastSgd LfD
2

k2 + kδf + min
{
σD√
k
, σ∗D√

k
+

LĝD
2

k + δĝ
}

k

UniSvrg
(Lf+Lĝ)D

2

2t + δf + δĝ 2t + n log t

UniFastSvrg
(Lf+Lĝ)D

2

n(t−log log n)2 + t(δf + δĝ) nt

Note: Rates are in terms of expected function residual and BigO-notation.
Assume ḡ is n times more expensive than ĝ . For UniFastSvrg, set N = Θ(n).

Corollary: Problems with Hölder-Smooth Components

Problem: f (x) = Eξ[fξ(x)] with convex and (ν,Hξ(ν))-Hölder-smooth fξ.

Standard mini-batch oracle: gb(x , ξ[b]) =
1
b

∑b
j=1∇fξj(x).

Method SO complexity

UniSgd
(Hf (ν)D

1+ν

ϵ

) 2
1+ν + 1

b min
{
σ2D2

ϵ2 ,
(Hmax(ν)

ϵ

) 2
1+νD2 + σ2∗D

2

ϵ2

}
UniFastSgd

(Hf (ν)D
1+ν

ϵ

) 2
1+3ν + 1

b min
{
σ2D2

ϵ2 ,
(Hmax(ν)

ϵ

) 2
1+νD2 + σ2∗D

2

ϵ2

}
UniSvrg

[
Nν(ϵ) :=

(Hf (ν)D
1+ν

ϵ

) 2
1+ν + 1

b

(Hmax(ν)
ϵ

) 2
1+νD2

]
+ nb log+Nν(ϵ)

UniFastSvrg [
nνbHf (ν)D

1+ν

ϵ ]
2

1+3ν + [
nνbHmax(ν)D

1+ν

b(1+ν)/2ϵ
]

2
1+3ν + nb log log nb

Note: Complexity is for reaching ϵ-solution for expected function value (using
BigO-notation), σ and σ∗ refer to the variance of ĝ1, Hmax(ν) := supξ Hξ(ν).
Assume ḡ is nb times more expensive than ĝb. For UniFastSvrg, N = Θ(nb).

Universal SVRG

SVRG oracle: G (x , ξ) := g(x , ξ)− g(x̃ , ξ) + ḡ(x̃).

Algorithm UniSvrgĝ ,ḡ ,ψ(x0;D)

x̃0 = x0, M0 = 0.
for t = 0, 1, . . . do

Ĝt = SvrgOracĝ ,ḡ(x̃t), (x̃t+1, xt+1,Mt+1) ∼= UniSgdĜt,ψ
(xt, 2

t+1;D,Mt).

Universal Fast SVRG

Algorithm UniFastSvrgĝ ,ḡ ,ψ(x0,N ;D)

x̃0 = Proxψ(x0, ḡ(x0), 0), v0 = x0, M0 = 0, A0 =
1
N .

for t = 0, 1, . . . do
at+1 =

√
At, At+1 = At + at+1.

(x̃t+1, vt+1,Mt+1) ∼= UniTriSvrgEpochĝ ,ḡ ,ψ(x̃t, vt,Mt,At, at+1,N ;D).

Algorithm UniTriSvrgEpochĝ ,ḡ ,ψ(x̃ , v0,M0,A, a,N ;D)

A+ = A + a, x0 =
A
A+
x̃ + a

A+
v0, Ĝ = SvrgOracĝ ,ḡ(x̃), Gx0

∼= Ĝ (x0).
for k = 0, . . . ,N − 1 do

vk+1 = Proxψ(vk,Gxk,
Mk

a ).

xk+1 =
A
A+
x̃ + a

A+
vk+1, Gxk+1

∼= Ĝ (xk+1).

Mk+1 =
√

M2
k +

a2

D2∥Gxk+1 − Gxk∥2∗.
return (x̄N, vN,MN), where x̄N := 1

N

∑N
k=1 xk. vk xk x̃

xk+1

vk+1

Experiments

Polyhderon feasibility problem: min∥x∥≤R

{
f (x) := 1

n

∑n
i=1[⟨ai , x⟩ − bi]

q
+

}
.
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AdaSVRG from (Dubois-Taine et al. 2022), AdaVRAG/AdaVRAE from (Liu et al. 2022), FastSVRG ≈ VRADA from (Song et al. 2020).
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