Inexact Oracle,

Paper (PDF)

Anton Rodomanov

Universality of AdaGrad Stepsizes for Stochastic Optimization
Acceleration and Variance Reduction

1 1,2

Xiaowen Jiang Sebastian Stich?

ICISPA Helmholtz Center for Information Security, Germany “Saarland University, Germany

| P a

-
7., .\ | HELMHOLTZ CENTER FOR
6N INFORMATION SECURITY

Problem Formulation Universal SGD Universal SVRG

Consider the composite optimization problem:

Fr= mmin LF00 = £l +0()

where f: R? — R and ¢): R — R U {400} are convex, 1 is simple.

(P)

Assumptions: (||-|| is a Euclidean norm, ||-||. is its dual)
f is (0f, Lr)-approximately smooth with components (f, g).

Stochastic oracle (SO) g = g(x, §): E¢lg(x, )] = &g(x).

Either 02 := SUPxedomy Yarg(x) < oo, or the variance of g is
(65, Lg)-approximately smooth w.r.t. f and o2 := Vary(x*) < oo

(where Varg(x) = Ec[l|g(x, &) — B(x)I[:]).

Goal: Develop methods for (P) without knowing any of these parameters.

We do so assuming additionally dom 1) is bounded with known diameter:
<D, Vx,y € dom.

Bounded domain: ||x — y|

Note: Asm. 4 can always be ensured with D = 2R, whenever we know
Ro > ||xo — x™|| by restricting 1) onto the Ry-ball around xg.

Approximate Lipschitz Smoothness of Function

Definition (Devolder et al. 2013): f is called (¢, L¢)-approximately
smooth with components (f, g) if, for any x, y € R?,

0 < [Brrglx,y) = fly) = f(x) = (&(x),y —x)] <

Examples:
m fis L-smooth < (f,z) = (f,VFf) with L = L, 6 =0
m fis (v, H,)-Holder smooth (||Vf(x) — Vf(y)|l« < He(v)||x — y||¥, Vx,y)
— (F g) = (f, V) with Ly = [5i5547]7 [He(v)]7 and any d; > 0.
< f(x) < é(x) + 6, ¥x, with L-smooth ¢ = (f, ) = (¢, V) with
= f(x) = max, V(x, u) with str. concave V, ii(x) ~; argmax, V(x, u) =
f(x) = V(x, d(x)), g(x) = V,V(x, d(x)) with of = 0.
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Approximate Lipschitz Smoothness of Variance

Definition (new): Variance of g is (dz, L;)-approximately smooth w.r.t. f:
Uellllg(x,€) — gy, )] — [8(x) — 8BWIIE] < 2LglBr 7 5(x, ) + 0g].
f.o IVF(x) = VE()IIZ < 2L[f(y) — f(x) = (V(x),y = x)].

Main example: f(x) = E¢[f:(x)], where each f; is convex and
(0¢, Le)-approx. smooth with components (fg,gg) Then, g(x,&) =
satisfies the variance condition with f(x) = E¢[f:(x)], &(x) =
Ly = Lax, 0p = E¢[d¢], where Ly, == sup; L.

8(x)
f[gg( )|, and

20 for any 0; > 0.

g
1 - N\

Another example: o°-bounded variance = Le

Note: If g, is the mini-batch version of g of size b, then L; =

Algorithm UniSgd; ,(x0, N; D, My = 0)

go—g( 0)-
for k=0,..., N—1do

Xk+1 = Prox¢(xk 8k Mk) gk+1 = §(Xk+1).

M1 = \//W + 5 |lgk+1 — gkl)?
return (xy, xy, My), where xy = NZ, 1%

Universal Fast SGD

Algorithm UniFastSgd; ,(xo; D)
Vo — XD, MOZAOZO.
for k=0,1,... do

= l(k + ].) Al =

dk+1 =
dk+1

Ak |
Yk = Ak+1Xk " A Tk By T

M
Vk+1 — PrOX¢(Vk,gyk, 3k+1)

| 9k+1

" A, 1Vk—|—11 Exji1 g(Xk—I—l)-

Mt = /M2 + Slgs, , — g, 12

Convergence Rates

= Ak T Ak+t1-
= g(yx).
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Xkt1 = 2%k

Method Convergence rate SO complexity
UniSgd Lsz - OfF + mm{"D U* - L 02 | } k
UniFastSgd Lf02 - kor + mm{"D ‘7* | g,} k
UniSvrg (Lﬁzﬁ )0 Fdg - 0 2" + nlogt
UniFastSvrg n(iﬁ;;éfggi)z - t(0f + 0p) nt
Note: Rates are in terms of expected function residual and BigO-notation.
Assume g is n times more expensive than g. For UniFastSvrg, set N = ©(n).

Corollary: Problems with Holder-Smooth Components

Problem: f(x) = E¢[f;(x)] with convex and (v, Hg( ))-Holder-smooth f;.
Standard mini-batch oracle: gy(x, ) = bZJ , Ve (x).

Method SO complexity

UniSgd (Hf(lem)”% + % min{“igz, ('H,”“"’(j(y))”%D2 | 0*2‘652}
UniFastSgd (Hf(yzDHy) =z + % min{"igz, (H”“‘EX(V))”L”D2 | 036?2}
UniSvrg N, () = (Hf(leHy)”% + %(H’“ag(y))”%Dz] + nplog. N, (¢)
UniFastSvrg [ Hf(e)DH 3 [”Z'Z"E;i(y)/fm]usy + np log log ny,

Note: Complexity is for reaching e-solution for expected function value (using
BigO-notation), o and o, refer to the variance of g1, Hnax(v) = supe He(v).
Assume g is n, times more expensive than g,. For UniFastSvrg, N = ©(ny).

SVRG oracle: G(x,¢&) = g(x
Algorithm UniSvrg; -, (xo; D)

)?0 — X0, MO = 0.
for t=0,1,... do
Gt — SvrgoraC§ g( ), ()h(’t-_|_]_7 Xti1, MH—].) = Unngd@tjw(Xt, 2t+1; l)7 Mt)

Universal Fast SVRG

Algorithm UniFastSvrg, - ,(xo0, N; D)
X) = PrOX¢(X0,g(X0), O), Vo — X, M() - O, AO - %
for t—O,l,.. do

a1 = VA Al = A+ ant
(Xev1, Vir1, Mey1) = UniTriSvrgEpoch, - (X¢, v, My, A, a1, N; D).

Algorithm UanSvrngochg z.0(X, vo, Mo, A, a, N; D)

A . =A+a, xg= A_X + 2V, G = SvrgOrac; (%),
fork:O,...,N—ldo
Vil = Prox¢(vk, ka, %)

A ~ A
Xk+1 — A_+X - A_+Vk—|—].1 GXk+1 — G(Xk—|—1)

M2+ 2|6

N
return (X/\/, VN, M/\/), Where XN = %Zkzl X .
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Experiments

Polyhderon feasibility problem: min”XHSR{f(x) ==

q=1 q=13 q=16 q=2
] 1012

f(x)-F*

AdaSVRG from (Dubois-Taine et al. 2022), AdaVRAG/AdaVRAE from (Liu et al. 2022), FastSVRG ~ VRADA from (Song et al. 2020).
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