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Algorithm NIM (Newton-type Incremental Method)

m Consider the minimization of the composite finite-average of many functions:

1: Input: xg, ..
l i fi(x) + h(x) |, 2. Initialize model — x;_q for z;z: 1,...
A 3: = Z Vsz(’v ), Uu = % ) V2f;(v')v?,
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.y Tp_1 € R% initial points; {ay}: step lengths.
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where f; are twice continuously differentiable and convex, h is closed convex.
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m Big data setting: 1 is very large (millions, billions etc.). 5 Compute minimizer: & ~ argmin, |(g — u) 'z + ;2" Hx + h(z))
m Incremental/stochastic optimization methods, which process only one f; at : Make a step: Tpy1 := Tp + ap(E — i)

each iteration, are among the most effective methods for this task. - Update model for ¢ := (k+ 1) mod n + 1 (cyclic order):

. . . L 8 H:=H+ X [V%fi(x — V2 f;i(v

m [here exists many different incremental optimization schemes: 1 T [ fil@) il )] N

B SGD, oLBFGS [Schraudolph | | ) ui=ut o [V fi(xri1)Trrr — V2 fi(v')v ]

0 chraudolph et al., 2007], AdaGrad [Duchi et al., 2011], SQN [Byrd et al., 2014, Adam [Kingma, 2014] etc. in ;
B SAG [Schmidt et al., 2013], SVRG [Johnson & Zhang, 2013], SAGA [Defazio et al., 2014a|, MISO [Mairal, 2015] etc. 10: g .:: g _l_ n [Vf’l(wk‘l‘l) o Vf’l(v )}
- . . sublinear 11: vz — wk_l_]'

m They all have either a sublinear or linear convergence rate. W @l e

m Goal: an incremental optimization method with a
superlinear rate of convergence.

linear

log(residual)

superlinear

Convergence rate

= Suppose V f; and V2 §f; are Lipschitz-continuous with constants L and M.

m Assume x* is a minimizer of ¢ with % S VAfi(x*) = pel = 0, and all the
i=1
|x; — x*|| < Rfor0 <1< mn-—1.

iteration

m Build the second-order Taylor approximation of each f;:

initial points are close enough to ™

mi(z) 1= fi(v1)+ Vi) (2 —v) +—(z —v) TVEf;(vl) (x —vi). = Then the sequence of terates {wk} of NIM with a;;, = 1 converges to x* at
2 an R-superlinear rate, i.e. there exist {zx} and {qx} such that for k > n
n ) N

= Then ¢ can be approximated with my(z) := = zjlmZ(a:) + h(x). |z — || < 2k, Zk+1 < Q2 qr — 0.

. T If th | is minimi ly, i.e. & = T, th
m Find the minimizer of the model: &, := argmin_, mg(x). the model is minimized exactly, i.e. &) = T, t e2nrk/n]_1
m Choose next iterate oy 1 between @y and Ty: 11 = T + ap(ZTr — ). R :— “—]\2, qr 1= (1 _ i)
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m Each time update only one ’vfc to keep the iteration cost independent of n:

If the model is minimized inexactly using the proposed conditions, then
Lk+1 if 2 = ik,
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m For certain types of h (e.g. when h is differentiable or an indicator function)
one can prove a global linear convergence of NIM for a small enough step size.

N
vk_l_l

R := min

(1) */m1 /2
otherwise, > :

where 7, € {1,...
m Note: my, is a (composite) quadratic,

, .} is the index of the component to update.

1
mi(x) = (g — ur) ' + 5aZTHkaZ + h(x) + const,

Order of component selection (cyclic vs randomized)

and is determined only by the following three quantities:

:lznjvzf'(vi) w ':lznjvzf'(”i)vi gk ‘= Consid n 3 3 1, h = 0.
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m If one uses ¢ ~ Unif{l,.. .,n} in NIM and ||xg — =*|| < 1, then

Sz =27 > 5 (1) lleo = "I

which is a linear convergence rate.
m At the same time, for2 = (k+ 1) mod n 4+ 1 and kK > n, we get

2zl +

1 .
g;vfi(vk)

which can be updated in iterations using the “add-subtract” principle.

lzx — || < |lzh—n — ||

l.e. a quadratic rate w.r.t. epochs and superlinear rate w.r.t. iterations.

Inexact model minimization

_ , L Experiments (logistic regression)
m In general, there is no need to find the minimizer &, of the model exactly.

m Define the composite gradient mapaing'

L2-reg, a9a (n=32561, d=123) L2-reg, covtype (n=581012, d=54)
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10” — SAG 10'1_" . — SAG
Tp(x,€) := argmin | £y + _”y —|” + h(y) , ok o I = 1o
J € 0% - SFO E; 10-42— — SFO
GL(QZ? 6) e L(CU — TL($ f)) é 122 >GD é iz:: SGD
Note: for h = 0, we have G(x, &) = & Sl Sl
m We show that, instead of & = argmin,[my(x) =: sx(x) + h(x)], any o | |

| | | I I I
0 5 10 15 20 0 5 10 15 20
Epoch Epoch

point £ = T (x; Vsg(x)) can be used in NIM provided that

L2-reg | SUSY (n=5000000, d=18) alpha (n=500000, d=500) mnist8m (n=8 100 000, d=784)
|GL(x, Vsi(z))|| < min{l, (Ar)"}AL, Ay = ||G1(Dk, gr)||- Res | NIM SAG Newton LBFGS| NIM  SAG Newton LBFGS| NIM  SAG Newton LBFGS
" 10-1 | .09s 2.71s 2.48s 1.78s 191s 1.36s 1.6m 4.0ls 57.68s 34.91s 47.8m 1.1m
Here L can be any such that L > Lo = 1, Ty, := 1 S vlfic and v € (0, 1]. 1072 | .13s 3.84s 4.30s 2.52s 13.37s 6.72s 2.6m 17.68s 1.6m 21m 14h 52m
— " 10~* /1.36s 1.3m 11.33s 2.60s | 36.65s 36.04s 3.4m 58.35s | 16.7m 7.1m - 1.6h
m Intuition: the closer NIM to the optimum, the more accurate &, is required. 107> 12.78s 19m 1443s 4.09s 46.66s 10m  3.6m 14m 26.7m 10h - :
_ _ _ 107°% |3.95s 2.2m 16.71s 5.26s [53.92s 15m 40m 19m |33.5m - -
m Possible inner solver: Fast Gradient Method [Nesterov, 2013]. 10=2 | 1305 56 1047 843 | 1.0m 57 Aim o l4e0m - ]
A 10719/5.95s 34m 20.80s 9.01s | 1.2m 43m 47m 3.4m |53.3m - -
L1-reg | SUSY (n=5000000, d=18)| alpha (n=500000, d=500) | mnist8m (n=8 100000, d=784)
Res NIM SAG  Newton NIM  SAG Newton | NIM  SAG Newton
1071 | .09s 463s 272s 26.76s 1.31s 1.1m |15.7m 33.62s 53.6m
/ o 102 | .89s 6.55s  5.63s |44.94s 6.52s 18m |37.0m 2.1m 1.8h
g = 107* | 3.31s - 1312s | 1.lm 35.51s 25m | 10h 7.3m 3.1h
/> 10-5 457s -  1587s | 13m 1.0m 29m | 1.2h L4k
107°% | 6.25s - 18.46s 1.3m 1.5m 3.1m 1.5h
1078 |11.56s - 38.31s | 1.bm 2.9m 3.5m | 2.3h
10-19117.51s - 4508s | 1.bm 48m  45m | 3.4h




