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Introduction

We consider the optimization problem

f ∗ := min
x∈Rn

f (x), (P)

where f is differentiable. Assume (P) has a solution x∗ and denote

R := ∥x0 − x∗∥,
where x0 ∈ Rn is a given starting point, ∥·∥ is the standard Euclidean norm.

We show that, in usual Gradient Descent (GD) and Fast Gradient Method, we
can assume convexity and smoothness on the ball B(x∗,R) instead of globally:

f (y) ≥ f (x) + ⟨∇f (x), y − x⟩, ∀x , y ∈ B(x∗,R), (A1)

∥∇f (x)−∇f (y)∥ ≤ L∗(R)∥x − y∥, ∀x , y ∈ B(x∗,R), (A2)

and all classic convergence results still hold with global smoothness constant L
replaced by L∗(R).

One application is the minimization of an RGH function (defined later). We
show that GD is as efficient as the Bregman Method (BM) with a properly
chosen prox-function, while being much simpler and more practical.

Gradient Descent (GD)

Gradient step: TM(x) := x − 1
M∇f (x).

Basic method with constant step size:

xk+1 = TM(xk), M ≡ L∗(R).

In this method, xk ∈ B(x∗,R) for all k ≥ 0.

Efficiency: At most the following number of steps to get f (xk+1)− f ∗ ≤ ϵ:

NGD(ϵ) =
L∗(R)R

2

ϵ
.

Gradient Descent with Line Search (GD-LS)

Step sizes can be selected automatically, no need to know L∗(R):

Choose M̂0 > 0.
for k = 0, 1, 2, . . . do

Find the smallest integer ik ≥ 0 such that, for

Mk = 2ikM̂k, xk+1 = TMk
(xk),

we have f (xk+1) ≤ f (xk) + ⟨∇f (xk), xk+1 − xk⟩ + Mk

2 ∥xk+1 − xk∥2.
Set M̂k+1 =

1
2Mk.

This method also ensures xk ∈ B(x∗,R) for all k ≥ 0.

Efficiency: At most the following number of oracle queries:

NGD-LS(ϵ) =
M∗(R)R

2

ϵ
+ log2

4M∗(R)

M̂0

,

where M∗(R) = max{2L∗(R), M̂0}. In particular, if M̂0 ≤ 2L∗(R), then

NGD-LS(ϵ) ≃ NGD(ϵ), up to an additive logarithmic factor log L∗(R)

M̂0
.

Fast Gradient Method (FGM)

v0 = x0, A0 = 0,

Mka
2
k+1 = Ak + ak+1, Ak+1 = Ak + ak+1,

yk =
Akxk + ak+1vk

Ak+1
, xk+1 = TMk

(yk), vk+1 = vk − ak+1∇f (yk),

where Mk ensures f (xk+1) ≤ f (yk) + ⟨∇f (yk), xk+1 − yk⟩ +
Mk

2
∥xk+1 − yk∥2. (*)

Basic version: Mk ≡ L∗(R). Then, (*) is satisfied, xk, yk, vk ∈ B(x∗,R), and

NFGM(ϵ) =

√︃
2L∗(R)R2

ϵ
.

Can also use line search (similar to GD-LS). Number of oracle queries:

NFGM-LS(ϵ) = 4

√︃
2M∗(R)R2

ϵ
+ log2

2M∗(R)

M̂0

.

Main Technical Result

Main result: If x ∈ B(x∗,R) and M ≥ L∗(R), then TM(x) ∈ B(x∗,R).

Key lemma: Let f be convex and Lx̄(r)-smooth on B(x̄ , r). Then,

f (x̄)− f (x)− ⟨∇f (x), x̄ − x⟩ ≥ 1

2Lx̄(r)
∥∇f (x̄)−∇f (x)∥2, ∀x ∈ B(x̄ , r).

Extends a well-known result for globally convex and Lipschitz-smooth function.

Functions with Radially Growing Hessian (RGH)

RGH function: twice differentiable f is called RGH around x̄ ∈ Rn if

∥∇2f (x)∥ ≤ Lx̄(∥x − x̄∥), ∀x ∈ Rn,

where Lx̄(·) is a non-decreasing function.
Basic examples:

f (τ ) = |τ |p, p > 2 =⇒ L0(r) = p(p − 1)r p−2.

f (τ ) = eτ =⇒ L0(r) = e r .

f (τ ) = eτ
2
=⇒ L0(r) = 2(1 + 2r 2)e r

2
.

Radial function f (x) = ψ(∥x − x̄∥) =⇒ Lx̄(r) = ψ′′(r) , assuming ψ′(0) = 0
and ψ′′(·) is non-negative and non-decreasing. In particular:

f (x) = ∥x − x̄∥p, p > 2 =⇒ Lx̄(r) = p(p − 1)r p−2.
f (x) = e∥x−x̄∥2 =⇒ Lx̄(r) = 2(1 + 2r 2)e r

2
.

Basic calculus rules:

f (x) = cg(x), c ∈ R =⇒ Lx̄(r) = |c|Lg ,x̄(r).
f (x) = f1(x) + f2(x) =⇒ Lx̄(r) = Lf1,x̄(r) + Lf2,x̄(r).

f (x) = g(Ax + b) =⇒ Lx̄(r) = α2Lg ,ȳ(αr +∆), where α := ∥A∥ and
∆ := ∥Ax̄ + b − ȳ∥.

More interesting examples:

f (x) = 1
2∥A1x − b1∥2 + 1

p∥A2x − b2∥p, p > 2:

=⇒ Lx̄(r) = ∥A1∥2 + (p − 1)∥A2∥2(∥A2∥r + ∥A2x̄ − b2∥)p−2.

f (x) =
∑︁m

i=1 e
⟨ai ,x⟩+bi =⇒ Lx̄(r) =

∑︁m
i=1α

2
i e
αir+∆i, where αi = ∥ai∥ and

∆i = |⟨ai , x̄⟩ + bi|.

Application: Minimizing RGH Function

Consider problem (P), where f is a convex RGH function around x0:

∥∇2f (x)∥ ≤ L(∥x − x0∥), ∀x ∈ Rn.

According to our new theory, the complexity of GD on this problem is

NGD(ϵ) =
L∗(R)R

2

ϵ
≃ L(R)R2

ϵ
since L∗(R) ≤ L(2R) and L(R) ≤ L∗(2R).

Comparison: Bregman Method

Relative smoothness [BBT17; LFN18]: ∇2f (x) ⪯ Ld∇2d(x), ∀x ∈ Rn.
Bregman distance: βd(x , y) := d(y)− d(x)− ⟨∇d(x), y − x⟩.
Bregman Method (BM): xk+1 = argminx∈Rn{⟨∇f (xk), x⟩ + Ldβd(xk, x)}.
Prox-function:

d(x) = ψ(∥x − x0∥), ψ(r) =

∫︂ r

0

τL(τ )dτ.

The above ψ(·) is the best possible modulus (in terms of the resulting
complexity estimate) ensuring the relative smoothness condition and satisfying
the normalization conditions Ld = 1, d(x0) = 0, ∇d(x0) = 0.

For L(r) = α0 + αpr
p, we get ψ(r) = α0

2 r
2 +

αp

p+2r
p+2, which is an existing

recommendation from [LFN18].

Implementing BM: Find rk+1 from the non-linear equation

L(r)r = ∥L(r k)(xk − x0)−∇f (xk)∥,
and then compute

xk+1 = xk −
1

L(rk+1)
∇f (xk)−

[︃
1− L(rk)

L(rk+1)

]︃
(xk − x0).

Complexity:

NBM(ϵ) =
LdR

2
d

2ϵ
=

d(x∗)

ϵ
=
ψ(R)

ϵ
≃ L(R)R2

ϵ
,

where 1
2R

2
d := βd(x0, x

∗) and 3
8L(

R
2 )R

2 ≤ ψ(R) ≤ 1
2L(R)R

2.

Comparison with GD:

BM has essentially the same efficiency guarantee as GD.

However, GD is simpler: no need to solve non-linear equations; needs only a
scalar L∗(R) in contrast to an entire function L(·) in BM.

Knowing L(·) is hard: it depends on the function’s structure and usually involes
expensive-to-compute matrix norms.

Knowing L∗(R) is even more difficult, but we do not need to (line search). For
BM, line search is possible, but we cannot prove anything “good”.

GD can be accelerated ⇒ FGM. For BM, this is an open question.
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