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Problem: min,cr- f(x), where f: R” — R is a smooth function. Problem: min,cg f(x), where = An issue of the classical Newton method with unit step size: it has no
QN methods: Choose x; € R”. Hy = 0 and iterate for k > 0: m @ is a closed convex set in R”, represented by the Separation Oracle: for global convergence guarantees.
o Set x s — HV F(x ) for some s > 0 - any x ¢ Q, it returns go(x) € R"\ {0}: We consider Newton's method with Cubic Regularization [Nesterov-Polyak, 2006]:
k+1 = Xk — Qg k k= V.
- Hl|y—x||?
m Update Hy into H;. <gQ(X)7X _ .y> >0, Vye Q. Xk+1 = arg]?lrgm{<Vf(xk),y — Xk> T %<v2f(xk)(y _ Xk)ay _ Xk> | Hy6 2 }
n : : : yelR”"
Standard updating rules: T T m f: R” — R is a convex (possibly nonsmooth) function. e — (VR(x) + %/)_1Vf(xk).
m (DFP) Hy 1 = Hi 75:7_7:;:; | <;’:”Lfk>, Main assumption: B(x,r) C Q C B(xp, R) for some x,x; € R", r, R > 0.
= (BFGS) Hy.1 — Hi Hkvk?[+uk>v[Hk | (<’2/k,Hk"Y>k> | 1) <ukukT> Oracle: G(x) = f/(x) if x € Q and G(x) = go(x) if x ¢ Q. m H:=0 7 the classical Newton method )
Vs Uk Vi Uk Vs Ui m H := L, (Lipschitz constant for the Hessian) = global convergence
o . o L o ' ' . _ P2 > 0: 2 P g g
where uj = Xk1 = Xk, Y= VExii) = V). EM [Yudin-Nemirovski, 1976]: Set W = R/ 2|terate for k = 0: T m adaptive strategy for choosing H [Nesterov-Polyak, 2006, Cartis-Gould-Toint,
Main result: ”Féff{f{:;ﬁ“ > 0 (superlinear convergence). Xpil = X L Wi - Wi | = 2” (Wk 2 Wigksi Wk) 2011; Grapiglia-Nesterov, 2017]
n+1{g., W ’ n?—1 n+1 (g, W ’
Open question: Rate of convergence? (explicit nonasymptotic estimates) | COMED (8 Wiegk)
where g = G(x). Uniformly Convex Functions
. Complexity: EM finds x € Q with f(x) — f* < e in O(n?In2Y) iterations,
New Results on QN Methods where a ;== R/r is the asphericity of @ and V := maxg f — ming f is the The class of nondegenerate problems:
L _ Iy — x||9 n
Main assumptions: du, L >0, AM >0, Vx,y, z, w € R": variation of £ on Q fly) 2 f(x) + (VF(x),y = x) + q”y x[|9, Vx,y e R
(1) ul < sz(x) oy (2) sz(x) B sz(y) < M||x — y||ZV2f(W) Main problem: Does not work when n — oo xi 1 = xk, Wi = Wi
where (|||, = (V2f(z)h h>1/2 (o h e R Note: The simplest subgradient method m g > 2 is the degree of uniform convexity, c > 0 is a parameter
Note: (1) 4+ (2) <= (1) + Ly-Lipschitz Hessian, but (2) is affine invariant. Xk+1 = Xk — hgk, gk = G(x), k >0, : Icilnear rasgcero;fgc};:\cl):r\éeeiczhcstelzgzdjd;em(;f]((:)hdesnt_mst od has fast globa
- — . . AV AN J :
Theorem: Let Hy 1 = (1 —7) B‘*GS(Hk, U, vk) + 7 DFEP(Hy, uy, Wkl) where | does not have this problem. Its complexity O(*z-) is independent of n. Theorem: The global complexity of the adaptive Cubic Newton for
7 € [0,1], and let Ay = ||V F(xi)||x, for each k > 0. Suppose Hy = 7/ and | gel2,3]is
M < In3 max{ 1 1 } Ko == [8nQ, In(2Q)] Subgradient Ellipsoid Method O(w log f(Xoi_f* )
0 = 9 9 0 -— T 9
(%)3 2Q Ko +9 | | | iterations, where w is a second-order condition number = Cubic Newton
where Q. = (1 — 7+ 7_% 1)1 Q .= L (condition number). Then, Vk > 1 Idea: Combine Subgradient method (SM) with EM. i better than the Gradient method.
. 7 2 (00" k)2 Algorithm: Set {o(x) == 0, wo(x) == %||x — xo||%. Iterate for k > 0: : :
A < (1 2Q> %)\0, N < %QT (exp< 3n 6nlE Q) - 1) /%Q Xo. Compute gk = G(x¢) and Uy = maxerknL;<gkan — x), where Contraction Technique
] \ ’ ] Q) = {x: wi(x) < IR}, L, = {x: l(x) < 0}.
Discussion:

_ _ Choose coefficients ay, by > 0 and update the functions
m Global convergence for quadratic functions (M = 0).

m For BFGS (7 = 0), the rate is Cra(x) = Gilx) + aklgh, x — i),

wk+1(X) = wk(x) + %bk(Uk — <gk, Xj — X>)<gk, X — Xk>.

f N Tk k
nln Q nin Q s
EXP 4 e r — 1 5 ( e > ) K 2 nln Q Set Xk+1 = afgmmngn [€k+1(X) =+ wk—l—l(x)]- y=1 y=0.8 y=0.7 y=0.6
Region of local convergence: Mg < max{Q~*, [nln Q] '}. Geométry: - o m Smoothness properties of g(-) are better than that of f(-)
m For DFP (7 = 1), the rate is u {2 is an ellipsoid, while L "is a halfspace. New Contracting Newton method:
] . _ m For all k > 0 and any solution x* to our problem, we have
0 nin @ - - o (nQInQ k k2 nQlnQ i o ’ _ i - Xki1 =  argmin {(Vf(xk),y—xk> +%<Vf(xk)(y—xk),y—xk>}
EXP I Ny I : ~ N in /. x € QN Lk and {X c QN Lk : <gk,X — Xk> < O} C Q1N Lk+1' Yy Ex+Yi( Q—xk)
Region of local convergence: M)\g < Q1. Choice of coefficients: = v, = 1 : the classical Newton method
ma>0 b=0—= SM. m Interpretation: regularization of quadratic model by the asymmetric trust
ma=0 b>0 = EM. region
lteration cost: O(nz)_ Theorem: Set Yk = 3—|—ik GlObal convergence: f(Xk) — f* S O(%)

Complexity: ~ min{®¥ n?In2Y} (~ best of SM and EM).
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